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Abstract

Uncertain conditional propositions or conditional events pose a special problem for
deduction due to their three-valued naturc - true, false or inapplicable. This three-
valued-ness gives rise to several different kinds of deduction between conditionals de-
pending upon the particular deductive relation being employed. There is a hierarchy of
13 deductive relations between conditionals built up from four elementary oncs, which
can be expressed in terms of Boolean relations on the componcnts of the conditionals.
These different, but interrelated deductive relations on conditionals in turn give risc 1o
various deductively closed systems of conditionals. Theorems are proved relating thc
deductive relations with each other and with their associated deductively closed sets
(DCSs). The principal DCS generated by a single conditional using any of thc deductive
relations is completely characterized. Except for two of the deductive relations, dc-
duction with a finite number of conditionals or with additional conditional information
is also completely characterized as the union of associated principal DCSs. Examplcs of
finite sets of deductivcly closed conditionals arc exhibited including many, unlikc
Boolean algebra, which are finite and yet non-principal, that is, not gencrated by any
one conditional. An introductory section carefully provides motivations and a completc
algebraic characterization of the four chosen operations on conditional events. Results
are applied to the famous penguin problem.
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1. Introduetion

While uncertainty of events or propositions poses little conceptual difhculty
for making deductions, the same cannot be said for uncertain conditional
events or propositions. For instance, although there is some doubt whether a
roll of an ordinary, six-sided die will turn up a number n less than 3, there is no
doubt that if the number is less than 3, then it will also be less than 4. Thus the
event “n < 3” implies the event “n < 4” no matter what the probabilities of
these two events because the first cvent is a subset of the sccond event. That is
Boolean deduction plain and simple. And the probability of the conclusion is at
least as great as the probability of the premise. For two-valued (equally con-
ditioned) propositions or events, B is deducible from A if and only if the in-
stances of B include those of A.

However when it comes time to deduce onc conditional cvent from a second
conditional event, the picture is not so clear. Unlike two-valued events or
propositions, conditionals are inherently three-valued [16,17]. A conditional
can be true, or false, or it can be inapplicable, that is, its premise can be false. A
conditional has two components, not just one, and so deduction becomes much
more complicatcd when uncertain conditionals are concerncd.

The search for appropriate deductive relations between conditionals leads to
the following four elementary deductive relations between a premise condi-
tional (afb) and a conclusion conditional (c|d):

(1) “b is a subset of d”,

(2) “a and b 1s a subset of “c and d”,

(3) “a or not b” is a subset of “c or not d”’, and

(4) “d is a subsct of b”.

By choosing sub-collections of these four propertics, 13 distinct deductive re-
lations are determined.

Although it has become standard in logic since thc publication of the
Principia Mathematica [31] to routinely reduce a conditional such as “if B, then
A” to the non-conditional “cither A or not B” - the so-called matcrial con-
ditional, this reduction is not adequate when the events or propositions are
allowed to have probabilities between 0 and 1. This inadequacy has been
pointed out many times by various authors, among them Adams [4], Calabrese
[8], and Lewis [26]. The unconditioned (or universally conditioned) proposition
“A or not B” can easily have probability near 1 while the original conditional
“if 3, then A" has conditional probability near 0. (This problem docs not arise
when “if 13, then A” and “A or not B” are considered wholly true and sct cqual
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to the universal event for purposes of deduction and called the “material im-
plication” of A by B))

Due to the so-called triviality result of Lewis [20], it secmed for a while that
there was no way to resolve this discrepancy, and in fact there is none within
the standard Boolean algebraic framework of propositions or events. Instead,
one must expand the usual Boolean algebra of cvents (or propositions) to a
new algebraic system of event fractions (alb), ordered pairs of events (or
propositions) allowing the usual “and” (conjunction), “or” (disjunction) and
“not” (negation) operators, as well as the additional operator “given” (|).

Adams [2-4] had early identified his threc so-called “quasi-" operations on
conditionals, called quasi merely because the conjunction did not always imply
each of the component conditionals and because the disjunction was not
always implied by each of the component conditionals. Adams passed over as
unsuitable a fourth, “intuitively plausible” operation for iterated conditionals
[4, p. 33], apparently because he did not make a distinction bctween a condi-
tional and an implication. A conditional is not an implication; its a proposition
or an event in a given context.

Sehay [32] defined two systems of conditionals, one using Adam’s quasi-
conjunction with a different disjunction and the othcr using quasi-disjunction
with a different conjunction. Others too have identified some of the operations
promoted here, including Soboeinski [28,35] in 1952, who chose the first thrce
operations but a very different fourth operation, again mcant as an implication.
As mentioned by Gilio and Seozzafava [19], in 1985 Bruno and Gilio also
defined a system using the quasi-disjunction operation with an alternative
conjunction operation.

In 1987 a complete algebraic development, but without deduction, was
supplied by Calabrese [9] allowing uncertain conditional events or propositions
to be combined in a way faithful to both conditional logic and conditional
probability. The object (a|b) can represent “a in the eontext of b” for logical
purposes and also have the conditional probability P(a|b) = P(a and b)/P(b)
when the conditional is uncertain. (Section 2.3 provides a careful motivation
designed to convince skeptics of the correctness of the four chosen operations,
and to provide an algebraic eharaeterization of this systein of conditional
events.)

Subsequently, Goodman and Nguyen published an equivalent formulation
[20] but with different operations on the ordered pairs of cvents based on so-
called “first principles” — preservation of as many propertics of Boolean
algebra as possible. Since conditionals behave in non-Boolcan ways, thesc
operations have been hard to apply, although all this has scrved to highlight
the overall algebraic development.

Together with Walker, Goodman and Nguycn scrved as cditors and con-
tributors of a book [21] on conditionals to which the present author contributed
a paper [11] on deduction with eonditionals. These devclopments culminated in
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the publication in December 1994 of a special issue of the IEEE Transactions of
Systems, Man and Cybernetics edited by Dubois, Goodman, and Calabrese and
devoted to conditional event algebra. As part of this special issue, Dubois and
Prade [18], in a virtuoso performance, contrasted the three Goodman—-Nguyen-
Walker operations with the three Adams—Sobocinski-Calabrese operations and
pointed out how these essential differences arise because of the two very different
interpretations of the third truth value — “inapplicable” versus “unknown”.
Using the Adams—Sobocinski-Calabrese operations together with the “proba-
bilistically monotonic” deductive relation previously identified in [10], Dubois
and Prade also defined a conditional knowledge base and define monotonic de-
duction from it by adapting Adam’s methods to a non-probabilistic context.
This development by Dubois and Prade is an important special case of the
systems explored in this paper.

Throughout these efforts, one nmportant goal has been the ability in prac-
tical situations to combine, deduce and infer using uncertain conditional in-
formation without distorting that information. In this regard a large number of
examples [14] have been developed and exposited demonstrating the plausi-
bility and applicability of the author’s development of conditional event al-
gebra. This has also been corroborated by other researchers including Rodder
[29] and Tyszkiewicz [15].

Nevertheless, when attempts were later made to write a computer program '
to actually perform these operations on even simple cvents, the inherent
complexity of these situations became all too apparent. The computer program
got badly bogged down. In retrospect this was not surprising since checking
even a simple deduction between two compound Boolean events A =(a, or a,
orayoragor...)and B=(b, or b, or by or by or...), where the a’s and b’s are
themselves Boolean events, requires one to check to see if each instance within
each event a; of A is included in at least one event b; of B.

This kind of processing has long been recognized as important to logic and
computation, having been formalized in [1,24,27,37]. (See, for instance [22],
The Mixed Powerdomain, for a summary and tutorial.)

The above expressions for A and B arisc quite naturally in the so-called
situation space for modeling practical problems: We typically describe a situ-
ation by defining a finitc number of variables v, vy, v3,...,v, cach having a
finite number of possible values. Even if the variables are all two-valued, they
give rise to 2" different possible complcte assignments of values to the variables,
and these are just the atoms of the Boolean algebra generated by the original
variables. The events of the Boolean algebra gencrated by these atoms consist

! The Multi-Process Algebra Data tool (MuPAD) environment developed at the University of
Paderborn, Germany was used to implement the algebra of conditional propositions to produce the
Conditional Proposition and Event Processor (CPEP).
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of all possible disjunctions (unions) of these 2" atoms and the number of these
events is 2 raised to the power 2". So just six initial two-valued variables
generate a Boolean algebra with 2% different possible events. A specific event,
A, will then typically be expressed as a disjunction of atoms or of subsumed
events ar, 4z,4as,...,4,. For instance, in a die roll the event of rolling ncither 3
nor 4 might be expressed as “<3” or “>4” instead of the longer so-called
disjunctive normal form: “1”” or “2” or “5” or “6”". Even for a small number of
variables, brute force computer processing becomes intractable before ever
getting to conditionals or probabilities.

Another important class of examples arises from standard track files on
detected objects produced by radar and other surveillance systems. Thcse
track files consist of reeords (sequences) of data fields including a time field. If
the fields of a record are completely filled in, thc record is atomic. These in-
stances (completely filled-in records) are the atoms of the Boolean algcbra
of subsets of such database atoms under union, intersection and complemen-
tation.

A record with missing data in, say one field, can be characterized by the
subset of all atomic records that have all but possibly that one field filled with
the same values as the given record. In this way a general track file record
(possibly having empty fields) is characterized by that subset of atomic rccords
which ean consistently complete it. Thus a partially complete record is just a
proposition or event, a subset of atomic records. It follows from the above that
a sequence (as new records arrive cach scan of a sensor), or a collection of such
partially complete track file reeords, must be a second-order predicate — a
eollection of propositions or events.

Data records in general are usually incomplete and sometimes inconsistent.
Thus a general theory of their temporal updating involves at least second-ordcr
predicates, subsets of subsets of completely filled data records. The number of
such subsets becomes too large for practical computing purposes. So re-
searchers [6,7,27,34] have sought a smaller but still adequately expressive eol-
lection of subsets and second-order prcdicates by which to approximatc above
and below in some non-deterministic sense any partially complete record.
However, these efforts do not appear to have succeeded in producing a prac-
tical computation method.

An alternate approach to Bayesian computation now bccoming bctter
known utilizes the concept of information entropy [25,33], to dcfeat complexity
by assuming (conditional) independence between variables deseribing a situa-
tion unless some dependcncc is explicitly known or assumed. Utilizing this and
subsequent developments, Rodder [29] and his colleagues at Fern University
have constructed a very imprcssive intcractive computer prograni, with acro-
nym SPIRIT, that can quickly calculate the most likely probability distribution
given initial conditional probabilities for some of the relevant couditional
events. Professor Rodder has also shown [29,30] that his methods of calculation
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arc consistent with the author’s algebra of conditionals and with the deductive
relations of conditional event algebra. *

The focus here is to explore and further develop the theory of deductive
relations (preorders) on conditionals including the deductively closed scts
(DCSs) of conditionals that they gencrate. It should be possiblc to routinely
deduce and infer with uncertain conditional information.

Section 2 on Conditional Event Algebra lays out the algebraic development
of conditionals including the four operations and then uses an indicator
function representation of conditionals to provide justifications and motiva-
tions for the choice of operations and a complete algebraic characterization.
Scction 3.1 defines the concept of an implication or deductive relation on
conditionals and the notion of a DCS of conditionals with respect to an im-
plication relation. In Section 3.2 several different implications are identiticd
based on various Boolean deduction formulas, which are no longer equivalent
in the realm of conditionals. Equivalencies between them are exhibited and
thosc remaining are organized into a hierarchy of deductive rclations in Fig. |
of Theorem 3.2.10. Sections 3.3 and 3.4 are essentially new results describing
how in general to determinc the DCSs of a conditional event algebra with
respect to the identified implication relations. Some non-elementary examples
of DCSs end the section and illustrate how to generate many other non-
clementary examples. This section ends with a solution of the famous pen-
guin problem. Section 4 provides a compendium of all DCSs of the simplest
conditional event algebras with respect to all of the identificd deductive rcla-
tions.

2. Conditioual event algebra (CEA)

Although George Boole, the recognized father of Boolean algebra, incor-
porated fractions of propositions in his pioneering work [5], the parallel de-
velopment of abstract algebra at the time had not proceeded far enough for
Boole’s immediate followers to make much sense of his far-sceing ideas about
division of propositions in regard to conditioning. Conscquently, those who
pursued his research topics decided to close his system with just his logical
counterparts to addition, multiplication and ncgation, and to call the result
“Boolean’ algebra. But Boole himself also had the division operation! Boole
was cxplicitly trying to incorporate probability as well as logic into his system.

Conditionals are to logic as fractions are to arithmetic, and the extension 1s
no less dramatic. As the system of integer fractions extends the system of whole

2 A full description of this entropy approach as applied to conditional event algebra and deduc
tion will be given in a separate paper.
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numbers, so also does the system of conditionals (ordered pairs of proposi-
tions) extend the underlying Boolean algebra of propositions or probabilistic
events allowing the conditional probability P(alb) to be the probability of the
logical conditional (a|b). This algebra has been rigorously formulated in [9-13].
A brief review of this development follows.

2.1. Formulation of the conditional event algebra (#|8) of o Boolean algebra 7

Start with an initial Boolean algebra, 4, of propositions or events such as

(1) all events generated by a surveillanee track file or files,

(2) the Boolean algebra generated by any finite or infinite set of proposi-

tions,

(3) the Boolean algebra of subsets of a probability sample space €, or

(4) {All 64 subsets of the six-element sample space {l, 2, 3, 4, 5, 6}}.
The Boolean set operation “and” is represented by either N or A. The Boolean
operation “or’” is represented by U or V. “not” is represented by ' or —.

(#|%) or (#/%) will denote the set of ordercd pairs, {(a|b) : a,b in %},
called the set of conditionals, “a given b”, of %. The proposition or cvent
“b” is ealled the condition, prenise or antecedent and the proposition or
event “a” is ealled the consequent or conclusion.

Just as two Boolean propositions or events may be equivalent, that is, refer
to the same set of occurrenees, so also may two conditionals be equivalent.
Analogously, two integer fractions may be equal but look different.

Definition 2.1.1 (Equivalent conditionals). Two conditional statements (a|b)
and (e|d) are equivalent (=) provided:
(1) their conditions, b and d, are equivalent propositions or events, and
(2) their conclusions, a and ¢, are equivalent when their common condition
1s true. In symbols,

(alb) = (e|d) provided that b = d and ab = cd,
where juxtaposition, “ab”, denotes “a A b, that is, “a and b”.
In other words, two conditionals are equivalent when they have equivalent
premises and their conclusions are equivalent assuming that common premisc.

This equivalence rclation on conditionals implies that for all propositions a
and b,

(alb) = (ablb)

and also that for all a € %, (1}0) = (a]0) = (0]0). (1]0) is the “inapplicable’” or
“undefined” conditional and is denoted U. The Booleau | and 0 propositions
are represented by (1]1) and (0]1), respectively.
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Thus, in any instance a conditional (alb) can have any one of three truth
values:

(a|b) is true if (a]b) = (1{1) = 1, i.e, if a is true and b is truc

(alb) is false if (a|b) = (0]1) = 0, i.e., if a 1s false and b is true,

(a|b) is inapplicable if (alb) = (1]0) = U, i.c., if b is false,

Thus, (a|b) is true on a A b, fulse on a’ A'b, and inapplicable on b'.

33, ¢

Notc also that “not true” means “false or inapplicable”; “not falsc” mcans
“true or inapplicable”; “not inapplicable” means “true or false”. CEA pro-
vides clear distinctions in terminology. For example, “if b, then a” is “not
false” on the instances of a v b/, but it is “true” on the smaller set of instances
of a A b. No such distinction is available in Boolean algebra.

Having defined conditional events, the probability of the truth of a condi-
tional event (a|b) given the truth of the premise of the conditional is defined to

be the usual conditional probability P(a|b) = P(a and b)/P(b).
2.2. Operations on conditionals

Each of the three operations defined below agrees with the corresponding
Boolean operation when applied to conditionals with equivalent conditions.
Therefore they extend the Boolean operations.

2.2.1. Relative negation (')
The relative negation of “a given b is the “negation of a, given b”’. That is,

(a]b)’ = (a'|b).
Note that the latter has conditional probability P(a’ A b)/P(b) = [P(b) — P(a A
b)]/P(b) = 1 — P(a|b).

2.2.2. Disjunction (or)

Concerning disjunction, “If b, then a, or if d, then ¢” mcans “If either
conditional is applicable, then at least one is truc’’. That is,

{(alb) V (c|d) = (ab v cd)|(b v d).

To avoid parcnthescs, the conditioning opcrator (| ) will bc assigned an op-
erator preference below disjunction (V). So negation (') is first in operator
preference, conjunction (A or juxtaposition) is second, disjunction is third, and
conditioning fourth. So the latter conditional may be written as (ab v cd|b v d).

2.2.3. Conjunction (and)
Concerning conjunction, “If b, then a and if d, then ¢” mcans “if either
conditional is applicable, then one is true while the other is not false”. That is,
(alb) A (c|d) = [ab(c v d') V (aV b')cd]|(b V d)
= (abd' v abcd V bled)|(b v d),
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whieh also means “if either conditional is applicable, then either they are both
true or else one is true while the other is inapplicable.” The latter formula also
follows from the standard De Morgan formulas in Boolean algebra relating
conjunction and negation to disjunetion and negation.

The algebra (#|%) of conditionals includes the original Boolean algebra %
as those conditionals (#|Q2), where £ is the universal event. In logical notation
these are the conditionals (#|1) whose condition is eertain. Analogously, these
are like the integer fractions whose denominators arc 1. The proposition a is
identified with the conditional (a|l). Fixing the condition b yields a Boolean
algebra (2|b), also denoted (4/b).

These operations eorresponding to “not”, “and” and “or” allow the usual
manipulations, although the resulting system is not wholly Boolean.

2.2.4. Iterated conditioning

A conditional (c|d) may itself be a condition for another proposition or
conditional proposition. Due to the largely unrceognized third truth status of
conditional statements, to a great degree, natural language is ambiguous about
such iterated conditioning. Without additional qualification the iterated form
((alb)|(c|d)), “(alb) given (e]d)”, could consistently be taken to mean any one
of the following:

“a given b and (e|d)” - (a|b A (¢|d)),

‘““a given b and (c|d) are true” — (alb Ae A d),

“(alb) not false given (¢|d) is not false” — (a vV b'le v d'),

“(a|b) true given (e|d) is not false” — (a A ble v d'),

“(alb) not false given (c|d) is true” — (aV blc Ad),

“(alb) true given (e|d) is true” —~ (a A ble A d).
Since it can be shown that b A(e|ld) = b A (cVv d'), this means that the first
possibility (which will be the default interpretation) reduces to

(alb)|(eld) = (alble v d')).

That is, “(a|b) given (c|d)” means “a given that b and (c|d) are not false”.

Note that from the above whenever a conditional proposition “if d, then ¢”
is itself a eondition, then the corresponding (material conditional) proposi-
tion, “cither ¢ or else not d”, can be used in its place as is commonly done in
two-valued logical proof arguments. The conditional (e|d) also aets like its
corresponding material eonditional, (¢ Vv d'), when conjoined (A) with any
(otherwise unconditioned) proposition b.

2.3. Motivations for the four operations on conditionals
Although intuitive and technieal motivations for these operations have been

published several times (see for instance [12]), there are many people who still
consider them to be debatable. Therefore a restatement and refinement of those
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motivations is appropriate herc. This can be done most cfliciently using indi-
cator functions as adopted and employed by Walkcr [36] to list all possiblc
candidates for operations on conditionals.

2.3.1. Conditionals and indicator functions

1t is now well known (see for instance [32, p. 334} or [9, pp. 234-235]) that
any conditional (alb) can bc represcntcd as a domain-restricted, measurable
indicator function defined on the mcasurable subset b of Q as follows:

I, € ab,
(alb)(w) = <0, w € a'b,
U, web,

U means “undefined”. Conversely, any such indicator function assigning 1 and
0, respectively, to disjoint events ab and a’b, and which is undefined clscwhcre,
dctermines a unique conditional (a|b).

2.3.2. Boolean functions

By a Boolean function is meant a polynomial built up from the identity
function and constant functions on events using negation, conjunction and
disjunction a finite number of times.

By the well-known Fundamental Theorem of Boolean algebra such Boolean
functions are completely determined by their values, (1) and f(0), for the two
Boolean values | and 0. In fact, a Boolcan function f of one Boolean variablc x
is always of the form

S) = (1) Ax) Vv (f(0) AX)
and a Boolean function f of two variablcs x and y is always of the form
Sxy) =S, 0xy v /(1,00 v £(1,0)xy v £(0,0)xy,

where for the sake of readability juxtaposition has replaced the conjunction
operator in the latter formula.

2.3.3. Operations on conditionals

We restrict attention to operations on conditionals that are dcfined in such a
way that the two componcents of the image conditional are Boolcan functions
of the component events of the operands. For instance, the negation operation
(') defined on conditionals in Section 2.2.1 is of the form

(alb)’ = (g(a, b)lh(a, b)),
where g(a,b) and &(a,b) are Boolcan functions of a and b. The disjunction
opcration, V, is of the form

(alb) Vv (c|d) = (g(a, b,c,d)|A(a,b,c,d)),

where g and /it arc Boolcan functions of a, b, ¢, and d.
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Now it is easy to sec that any such operation f on conditionals into the sct
(2| %) of conditionals determines a unique three-valued truth tablc by simply
sctting a and b in turn to the values 1 or 0. If the operation is a onc-place
function like the negation operation, then the truth table will be:

(x1y) f(xly)

(1]1) (g(1, DAL, 1))
(ol1) (g(0, D}A(0, 1))
(010) (2(0,0)}4(0,0))

It 1s also known (see [12]) that conversely, any such truth table function &
detcrmines a unique operation on conditionals. A one-place truth table func-
tion k generates a one-place conditional operation as follows:

k(l), w € ab,

(k(a|b))(w) = k((a|b)(w)) = <k(0)7 w € a'b,
k(U), web.

That is, k assigns the measurable indicator function £((a|b)(w)) to any thrce-
valued, measurable indicator function (a|b)(w).

A similar statement holds for a two-place, threc-valued truth table. A two-
place operation like disjunction has a truth table k of the form:

k 1 0 U

I k(1,1) k(1,0) k(1,U)
0 k(0, 1) k(0,0) k(0, U)
U k(U, 1) k(U, 0) k(U, U)

Conversely, such a truth table k& defines a unique two-placc opcration f on
conditionals by defining its associatcd indicator function f as follows:

S((a[b), (cld)) (@) = k((a]b)(w), (c|d){w))-

2.3.4. Motivations for the “not”, “and” and “or’’ operations

It has been shown abovc that the operations on conditionals are cach
characterized by a three-valued truth table. The ncgation operation (') has a
truth table of the form

Not(')

X

]
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In this table 1 = (1{1), 0 = (0[1) and U = (0]0). Since ncgation of conditionals
is intended to extend the Boolean negation operation, the values x and y must
be 0 and 1, respectively. So only z is free. But since the double negation of a
conditional should be the conditional back again, z must be U. (If z =1, then
(UY =1"=0#U; and if z=0, then (U') = 0/ = 1 # U.) Thus the negation
operation can only have the truth table above withx =0, y = 1 and z = U. So
(a]b)’ must be (a’|b) since the latter conditional has the same truth table.
Similarly, the conjunction operation (A) has a truth table of the form:

A ] 0 U
| 1 0 0
0 ) 0 0 y
U 5% y - z

Again, since conjunction of conditionals is intended to extend conjunction of
Boolean events, 1’s and 0’s have been inserted in the table in the appropriate
places leaving only five entries undetermined. Since conjunction is intended to
be commutative the table must be symmetric about the diagonal. Thus again
only three values are still free.

Since conjunction should be idempotent, it follows that z = U, and so there
are only four possible ways to finish the table.

To motivate the choice of values for x and y, consider how we normally
prove a statement A in case B is true or in case its negation B’ is truc. Wc¢ can
show that A is true in case B is true and that A is true in case B’ is true, and so
therefore prove that A is true. That is, to show A is true, we can show that A is
true given B is true and that A is true given that B is true. That is, we usc that

(A|B) A (A|B)) = A

(We also know that if A is true, then (A|B) and (A|B’) will each be true or
inapplicable.) Setting B=0 and A =1 in the above equation yields that

ajo) A (1]1) = 1.

That is, UA 1 = 1. Therefore x = | in the conjunction table.
Similarly, we can show that A is impossible (0) by showing that both (A|B)
is false and (A[B') is false. That is, we use that

(0]0) A (0[1) = 0.

This also follows by simply setting A =0 instead of A =1 above. So UA0 =0,
and thercfore in the conjunction table y must be 0. That completes the con-
junction truth tablc.

{(Alternately, consider how a questionnaire with conditional questions is
interpreted when some of the conditional questions do not apply to an indi-
vidual: The answers to questions are basically conjoined and any inapplicable
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questions are ignored. They do not make the whole set of answers inapplicable
or undefined.)
The disjunction operation (V) has a truth table like

\Y 1 0 8}
1 1 1 X
0 1 0 y
10)] x y U

and like the conjunction operation most of the table is determined because the
operation is intended to extend Boolean disjunction to conditionals and be
commutative and idempotent. These properties will all be satisfied and the
table completed by simply specifying that the De Morgan’s laws should also
hold for conditionals. That is, we require that the negation of a conjunction of
conditionals be equivalent to the disjunction of the negations of those condi-
tionals. So since (0[0) A (0|1) = 0, taking negations on both sides, yields that
(00)" v (0]1)" = ¢, which is equivalent to (1]0) v (1|1) = 1. Thatis, UV 1 = I.
So in the disjunction table x must be 1. Similarly, since (1/0) A (1]1) = 1, taking
negations on both sides yields that U v 0 = 0. So in the table y must be 0.
We can now summarize the results of this subsection in the following thcorem.

2.3.5. Algebraic characterization theorem

The only unary operation (') on conditionals whose double operation is
idempotent and that extends Boolean negation on events and whose compo-
nents are Boolean functions of the components of the operand conditional is
that of Section 2.2.1, namely, (a|b)’ = (a’|b). Furthermore, the only commu-
tative, idempotent binary operations on conditionals that extend thc con-
junction and disjunction operations on events and whose components are
Boolean functions of the components of the operands, and which satisfy the De
Morgan’s formulas, and which satisfy the property (c|d) A (c|d’) = (c|d v d')
for all events ¢ and d, are thosc of Definitions 2.2.2 and 2.2.3, namely,
(a|b) Vv (c|d) = (ab Vv cd]b Vv d) and (a|b) A (c|d) = (abd’ v abed v b'ed|b v d).

2.3.6. Alternate formulations

Adams [4] also defines what he calls “quasi-operations’ on conditionals that
are equivalent to those of Sections 2.2.2 and 2.2.3 but he docs not settle on an
iterated conditional operation even though he docs identify situations when
update information is conditional. Adams refers to his operations as “‘quasi”
specifically because they are not monotonic, that is, for example, the con-
junction of conditionals does not necessarily imply cach of the conditionals
being conjoined. But that is just one way operations on conditionals differ from
operations on ordinary events.
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Schay [32] defines two 3-operation algebras, the first of which Goodman,
Nguyen and Walker erroncously identify as cquivalent to the author’s first
three operations (See p. 6 and p. 92 of [20]). This error was then propagated by
Hailperin [23, p. 266]. But the truth is that the author’s disjunction operation is
in one of Schay’s systems and the conjunction operation is in thc other of
Schay’s systems, and so neither of Schay’s systems contains the three opera-
tions of Sections 2.2.1-2.2.3. No wonder Hailperin, as he says [23, p. 261], gcts
results so different from those of Schay.

Concerning the third truth-value, Hailperin quotes Schay, who says for
conditionals a and b: “... if a is defined and b is undefined, then wc put
max{a,b} = a and min{a,b} = a”. Hailperin finds [23, p. 262] it “difficult to
conceive of a rationale for defining max and min in this manner”. The difficulty
is in the misinterpretation of the third truth-value. When a conditional is
“undefined” that is nothing like saying that its truth-value is unknown. In the
latter situation assigning a truth-value or better, a probability, between 0 and |
is appropriate. But a conditional with a false condition is not somewhat true; it
does not deserve to have a truth-value between 0 and 1 as though it were
somewhat true. It is simply inapplicable — a completely different category.
Conjoining a true or false statement with one that is inapplicable leavcs the
applicable statement unchanged. Is that so difficult to conceive? Is that not
what we do when we skip an inapplicable question on a questionnaire and fill
out the other questions? In principle, we cxpect the recader to conjoin all of our
answers, conditional or not, and ignore the inapplicable questions. We do not
expect the reader to declare the whole form “undefincd” merely because onc
inapplicable conditional was encountered.

Hailperin also takes issue with the author [23, p. 264] for claiming that when
rolling one 6-sided die the statement “if the roll is even, then it will be a 6 or if
the roll is odd, then it will be a 57 is intuitively cquivalent to the statcment
“The roll will be a 6 or a 5. He does not see it as so clear cut and apparently
finds thc Goodman-Nguyen alternative translation as “If the roll is 6 or 5, then
the roll will be 6 or 57, to be intuitively preferable, even though it has a con-
ditional probability of 1. )

Shifting to the conjunction operation in keeping with the motivations pre-
sented in this paper, one wonders whether Hailperin finds the statement “If the
roll is even, then it will be a 5 or a 6 and if the roll is odd, then it will be a 5 or a
6” to be intuitively equivalent to “the roll will be a 5 or a 6 whether or not it is
cven”. That is, after all, the intuitive meaning of a proof by cases, and it also
works when the conclusion is uncertain. But the conjunetion operation favored
by Hailperin, Goodman and Nguyen has it that the statement is instead
equivalent to “if the roll is 1, 2, 3, or 4, then falsity”’. That might be an ac-
ccplable translation for some logical purposes but it has conditional probably 0
instead of 2/6, which is the intuitive probability of getting a 5 or 6 in onc roll of
a die given that the roll is odd or even.
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2.3.7. Motivations for the iterated conditioning operation

The fourth operation on conditionals, defined in Section 2.2.4, is essential
for closure of the algebraic system. Without it, conditioning cannot be per-
formed on conditionals, and deduction or inference of a conditional by another
conditional remains out of reach of the syntax of the algebra. The ability of the
system to express other operations on eonditionals is also greatly expanded by
the inelusion of the fourth operation. As shown by Tyszkiewiez [15} and his co-
authors, the other operations on conditionals defined by Goodman et al. [20]
can all be expressed in terms of the four operations defined in Sections 2.2.1-
224,

When discussing the author’s system of conditionals some authors [36, p.
1706], have ignored the iterated conditioning operation as though it were a
thing apart, preferring to characterize the system in terms of just the first three
operations and identifying it with the first three operations of the system of
Sobocinski [28,35]. While the first three operations of Soboeinski are equiva-
lent to those of Seections 2.2.1-2.2.3, the fourth is quite different {rom Sobo-
cinski’s implication operation.

When the fourth operation is included it is clear that the operations of
Sections 2.2.1-2.2.4 are not a repetition of those that have previously been
explored in the literature. (This is also apparent when it is noted that an iter-
ated conditional ((a]b)|(c|d)) is not interpreted to be an implication (c|d) —
(a]b), as is done by most authors. Nor is the eonditional itself an implieation.
Rather, implications are separately defined as in this paper.)

Now the most straightforward way to motivate the iterated conditional
operation of Section 2.2.4 is to extend the following rule for unconditional
(Boolean) events a, b and e:

((alb)le) = (a]b Ave).

Here again, mathematicians routinely prove theorems by suecessive condi-
tioning according to the above formula. We very often read arguments of the
form “if ¢ 1s true, then if also b is true, then a will be true”. The proof will then
proceed to show that if both b and ¢ are true, then a will be true, and no one
will dispute the matter.

In this regard, Adams {4, p. 33} mentions this iterated conditional simplifi-
cation as intuitively plausible but says that it would entail “giving up modus
ponens in applieation to conditionals with conditional econsequents”. Adams’
example is that ((A[B)JA) would be certain and so we should always infer
(A|B) from A, but, he says, we know independently that this inference is not
always sound. However there seems to be no real problem with this inference
when we are talking about eonditionals instead of implications. When A is truc
the eonditional (A|B) will be true as long as B is true, or inapplicable il B is
false. We are not inferring that (A|B) is always true.
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The general iterated conditional ((a]|b)|(c|d)) can then be reduced using this
formula as follows:

((ab)|(cld)) = (al(b A (c|d))),
which can be further reduced to (a|(b A (¢ vV d'))), which is a conditional with

Boolean components as required.
The truth table for this conditioning operation, |, is:

h | 0 U
| ] U ]
0 0 U 0
U U U U

where the first two columns extend the case of iterated Boolean (uncondi-
tioned) events, and the third column cxpresscs the intcrpretation that an un-
defined condition leaves the consequent unchanged. That is, (1|U) =1,
(0JU) =0 and (U|U) = U.

Adding to the premise of the characterization theorem of Scction 2.3.5 the
iterated conditioning rulc

((alb)[c) = (afbe)

for any events or conditional events a, b and ¢, the whole systcm of four op-
erations on conditionals (Sections 2.2.1-2.2.4) has been algebraically charac-
terized.

2.4. Deduction of conditionals by conditionals

If statements of the certainty of a proposition or conditional proposition are
allowed such as “c is never false” or “(c|d) is never false”, then therc arc many
more forms of deduction involving the equivalence relation “="". It becomes
clear, then, that deduction and inference involving conditionals requires special
care in specifying exactly what is bcing assumed (thc conditions), and secondly
exactly what is being deduccd or inferred, and thirdly exactly what type of
deduction between conditionals is being invoked.

3. Deductive relations and deductively closed sets
Due to the existence of four (not just two) propositions bctween two con-

ditionals, deduction takes several forms. To put them into a common context
the following algebraic dcfinitions are useful:
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3.1. General deductive relations on conditionals
First somc basic definitions and a thecorem set the stage:

Definition 3.1.1. A dednctive relation (also called a preorder or an implication) is
a reflexive and transitive relation, <, on a set.

The symbol “<* is used to denote deduction instead of an arrow, = or —,
in order to connote the interpretation of deduction in terms of inclusion: In
Boolean logic, an event A implies a second event B if and only if every instance
w 1 A is also in B; that is, every occurrcnce of A is an occurrence of B. So
event A implies event B if and only if A is a subset of B.

Definition 3.1.2. A deductive rclation < for conditionals has the Boolean Ex-
tension Property if and only if for all propositions a, b, and c,

ab < cb implies (a|b) < (c|b).

That is, a deductive relation < on #/% has the Boolean Extension Property
if it extends the Boolean deduction relation < of every Boolean sub-algebra 4/
b, of #/%, that is, if it agrees with Boolean deduction on every Boolean sub-
algcbra Z/b, of B/%.

Definition 3.1.3. The deductive relation < is well-defined with rcspect to
equality (=) of conditionals if and only if whenever (alb) = (a,|b;) and
(c|d) = (cy|dy) and (a]b) < (c|d) then (a;|b}) < (¢;|dy).

Theorem 3.1.4. If a deductive relation < has the Boolean Extension Property
then it is well-defined with respect to equality (=) of conditionals.

Proof of Theorem 3.1.4. Suppose (a|b) = (a;|b;) and (c|d) = (¢;|d;) and
(alb) < (c|d). By the definition of cquality (=) of conditionals, b = b; and
d =d;, and ab = a;b; = a;b and similarly c¢d = ¢;d. So (a,|b;) = (a;|b) <
(alb) < (c|d) = (c|d)) < (c1]d;) using both substitution and the Boolean Ex-
tension Property twicc. By transitivity of < it follows that (a;|b;) < (¢;|d;). O

According to one standard dcfinition, a subset S of miconditioned events (or
propositions) is a deductively closed sct of events (or propositions) provided
that: (1) the conjunction of any two propositions in S is also in S, and (2) any
evenl that subsumes an cvent in S is also in S. A similar dcfinition also works
for deductively closcd subsets of conditional propositions (or cvents) with re-
spect to some specified deductive relation (preorder):
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Definition 3.1.5 (Deductively closed sets). A subset H of #4/2% is said to be
deductively closed with respect to a deductive relation <, if and only if # has
both of the following properties:

(I) If (a|b) € H and (c|d) € H, then (a]b) A (c|d) € H, and

(2) If (alb) € H and (alb) <, (c|d), then (c|d) € H.
The first property will be called conjunctive closure and the second will be called
deductive closure. H is said to be a deductively closed set (DCS) of conditionals
with respect to <,. For Boolean propositions, <, can be the standard deduc-
tion relation.

Definition 3.1.6 (Deductive equivalence (=) of conditionals)

(alb) =, (c|d) if and only If (a]b) <, (c|d) and (c|d) <, (a}b).

3.2. Extensions of Boolean implication

The following definitions are natural since thcy are cquivalent in Boolean
algebra but not so in the algebra of conditionals #4/%.

Definition 3.2.1 (Conjunctive implication (<,))
(alb) < (c|d) if and only if (a|b) A (¢|d) = (a|b).

Definition 3.2.2 (Disjunctive iruplication (<))
(alb) <y (c|d) if and only if (a|b) V (c|d) = (c|d).

Definition 3.2.3 (Probabilistically monotonic implication (<pm))

(alb) <pm (c[d) if and only if (¢[d) V (a]b)’ = (1]d V b).

Proving reflexivity and transitivity for the above threc deductive relations
is trivial except perhaps transitivity lor the last one, which will be proved as a
corollary to Thecorem 3.2.10. Similarly, showing the following threc plausiblc
implication relations are reflexive and transitive is an casy corollary of
Theorems 3.2.7 and 3.2.8, which prove that they are all equivalent to each
other.

Definition 3.2.4 (Non-falsity implication (<))
(a]b) <. (¢}d) if and only if (aVb') < (cvd').

That is, if (a|b) is not false, then (¢|d) is not false.
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Definition 3.2.5 (Necessary implication (<))
(alb) <, (c|d) means if (alb) = (1]b), then (c|d) = (1]d).
That is, 1l a is nccessary given b, then e is necessary given d.
Definition 3.2.6 (Conditional necessity implication (<.))
(alb) <. (cld) means (cld)|(a]b) = (1]d)|(alb).
That is, given (a|b), ¢ is necessary given d.

Theorem 3.2.7. Non-falsity implication is equivalent to conditional necessity
implication.

Proof of Theorem 3.2.7. (c|d)|(ajb) = (1]d)|(a]b) iff [(c|d) = (1]d)]|(alb) iff
(d < ¢)|(ab) iff (d|(a]b)) < (e|(alb)) iff d(a Vb') <c(aVvb)iff dc'(aVvb) <0
iff (avb') <(evd'). (The result also follows by simplifying (c|d)|(alb) to
(c|d(av b)) and (1|d)|(a]b) to (1|d(a v b)), which are equal. So cd(a vV b') =
d(a v V'), whieh is cquivalent to (a vV b') < (cvd’).) O

Theorem 3.2.8. Non-falsity implication is equivalent to necessary implication.

Proof of Theorem 3.2.8. (a|b) = (1]b) means ab = b, which means b < a,
whieh means (a v b') = 1. Similarly (c|d) = (1]|d) is equivalent to (¢ vd') = I.
So the necessary implication (alb) <, (c|d) means that (aVv b’) =1 implies
(e vd’) = 1, which can only be true providingavb <cvd. 0O

The last assertion needs some proof:

From Definition 3.2.4, for which transitivity is trivial, and Theorems 3.2.7
and 3.2.8, it follows that all three relations of Definitions 3.2.4-3.2.6 are
transitive.

Theorem 3.2.9 (The ccriainty of non-falsity). If whenever a v b' =1 then
cevd =1, then av b < evd. (The converse is trivial.)

Proof of Theorem 3.2.9. Suppose e is an arbitrary proposition. By hypothesis, 1f
(a Vv ble) = (ile), then (c v d'|e) = (1]¢). So for all propositions ¢, [(a V b')e =
e| implics [(e vV d')e =e|. That is, for all propositions e, [e < (a V b')] implies
[e <(cvd')]. Setting e=(aVvDb’) yields that [(aVvb') < (aVvb')] implics
[(avb) < (cvd)]. Sinee [(aVvb') < (avb)] is always true, so Loo musl
[(avb)<(evd). U

Since these three relations dare equivalent, it suflices to show any one of them
to be reflexive and transitive. The non-falsity relation of Definition 3.2.4 is
obviously reflcxive and transitive.
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Theorem 3.2.10. The deductive relations <,, <., <,,, and <. on conditionals
defined by the following equations can be reduced to the Boolean relations listed
on the right-hand side:

<x: (a|b) A (c|d) = (a|b) if and only if (a Vb') < (c v d') and (b’ < d).

<y: (a|b) V (c|d) = (c|d) if and only if (a Ab) < (c Ad) and (b < d).

<pm: (a]b)’ V(c|d) = (1|bvd) iff (aVv V) < (cVvd) and (aAb) < (c Ad).

<ut: [(c]d)](a]b)] = [(1]d)|(a|b)] if and only if (aVb') < (c v d).

Proof of Theorem 3.2.10. Concerning thc first equation of the theorem, suppose
(alb) A (c|d) = (a|b). Applying the conjunction operation and the definition of
equivalence for conditionals yields the two equalities abd’ v b'cd V abed = ab
and bv d =b. So immediately from just the second equality it follows that
d < b, which is equivalent to b’ < d’. Since b'd =0 the first equality becomes
abd’' v 0 Vv abed =.ab, which is equivalent to ab(d’' vV cd) = ab. The latter is
equivalent to ab < (d'Ved), and since b’ < d, it follows immediately that
b’ vab < (d' ved), which is (a v b') < (c vV d'). Reversing these steps produces
the converse. For the second equality, applying the disjunction operation and
the definition of equality of conditionals yields that abVv c¢d = cdand bv d = d,
which are equivalent to ab < cd and b < d, respectively. Revcrsing these steps
yields the converse of the second equation. Concerning the third equality of the
theorem, applying negation and disjunction for conditionals and the definition
of equivalence of conditionals yields a’bved =bvdand bvd=bvd. Con-
junction of both sides of the first equality by ab yields abcd = ab, which is
equivalent to ab < cd. Conjunction of both sides of thc first equality instead by
c'd yields (a'b)(c'd) = (dd)b Vv ¢'d = ¢/d. So ¢'d < a’b, which, by taking com-
plements of both sides and reversing the inequality, is cquivalent to (aV b') <
(cvd'). The converse of the third equality of the theorem follows since if
ab <cd and ¢/d <a’b, then a’bved = (a’'bVvd)V(cdVab)=(a’'bvab)v
(cdvc'd)=bVvd. That is a’bVed =bVd, which is equivalent to (a|b)’ v
(c|d) = (1|b Vv d). Finally, concerning the fourth equality of the theorem, ap-
plying the conditioning operation and the definition of cquivalence of condi-
tionals yields that cd(a v b') = d(a v b'). Disjunction on both sides of the latter
equality by d'(a v b') yields (cd vV d')(a Vb') = (a vV b'), which is equivalent to
(avb') < (cvd). Conversely, if (a VD) < (cVvd) then conjunction of both
sides by d yields that (aVvb)d < cd. So (ed)(aVvb)d=(avb)d That is
(cd)(a v b') = (aVb)d, which is equivalent to the left-hand sidc of the fourth
equality of the theorem. That completcs the proof of Theorem 3.2.10. [

Thc reduction of the relations listed in Theorem 3.2.10 to their associated
Boolean relations also exhibits the obvious transitivity of thosc relations.

This theorem also suggests that the Boolcan relations on the right-hand
sides of “if and only if” in Theorem 3.2.10 define elementary implications on
conditionals. Indecd, there is the following hicrarchy of implications (Fig. 1):
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Trivial implications

Elementary implications

1 — Ilmplication of identity (<))
(a|b) <, (c|d) iff (alb) = (c|d)

bo — Boolean deduction (4| fixed b)

(Sbo)

(a|b) <po (c|d) iff b = d and ab < cd

ec — Implication of equal conditions
(See)

(‘llb) Sec (Cld) iffb=4d
0 — Universal implication

(a|b) <y (c|d) for all (ajb) & (c|d)

Two elementaries combined

tr — lmplication of truth (<)
(alb) <y (c|d) iff ab < cd
nf — Iimplication of non-falsity (<)

(a]b) <ur (cld) iff (a V ') < (¢ V d')
ap — linplication of applicability (<,,)

(alb) <4 (cld) iff b < d
ip — Implication of inapplicability
(Sip)

(a]b) <ip (c|d) iffd < b

Three elementaries combined

V - Disjunctive implication (< V)

pm — Probabilistically monotonic un-
plication; (<pm)
A — Conjunctive implication (<)

mV — (Probabilistically) monotonic
and applicability implication (<,,)
mA — (Probabilistically) monotonic
and inapplicability implication (<;,,)

I“ig. 1. Hierarchy of implications (deductive relations) for conditionals.
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Note also that all four elementary preorders have the Boolean extension
property because for x € {ap,ip}, the relation (a|b) <, (¢|b) holds whether or
not (ab <cb) holds. For x=tr, (a]b) <, (c|b) reduces to the hypothesis
ab < ¢b, and finally for x = nf, (afb) <, (¢[b) reduces to a Vb < ¢ v b, which
becomes ab < ¢cb after conjunction on both sides by b. Since ab < cb implies
(alb) <, (c|b) for all four elementary preorders x, the other preorders in the
hierarchy also satisfy the Boolean extension property. (Sec also [10, p. 687-688§]
and [l 1, pp. 85-100].)

3.2.11. Probability relationships. Probability relationships naturally flow from
the above implication relations, although among the 13 defined above only
monotonic implication, and those above it in the hierarchy, ensure probabi-
listic monotonicity. That is, if (q|p) < (s|r), then P(q]p) < P(s|r). For in-
stance, conditional neeessity implication, (q|p) <. (s|r), ensures only that P(qV
p’) <P(svr). :

3.2.12. Conditional equivalence. Although the threc equivalent implication re-
lations (<5, <., and <,) arc reflexive and transitive, they are not anti-sym-
metric. That is, (a|b) <, (c]|d) and (e[d) <,r (a|b) together do not imply that
(a|b) = (c|d). That is, (a vV b') = (c vV d') does not imply that b=d and ab =cd.
As such, <,; is a quasi-order (also called a preorder), but not a partial order.
Equivalently, (a|b) <, (c|d) if and only if ¢’d < a’b. The latter means that “if
(c]d) is false then (a|b) is false.” In these terms, (a|b) =, (c|d) means that (a|b)
is false if and only if (c|d) 1s false.

3.2.13. Conditional implication and the contrapositive. Note that a conditional
proposition (a|b) and its contrapositive, (b'[a’), are non-lalsely cquivalent:
(a|b) =, (b'|a’). This is reassuring sincc a conditional proposition and its
contrapositive should be logically equivalent when regarded as wholly non-false
(as when assumed or conditioned upon) but not equivalent, nor even have the
same probability, when regarded as partially falsc. In fact, a conditional (a|b) is
false if and only if its contrapositive (b'|a’) is false, but if either (a|b) or (b'[a’) is
true the other is inapplicable. They can also both be -inapplicable. (See [9, p.
222], for a comparison of the probability of (a|b) with the probability of (b'[a’).)
3.2.14. Certainty theorem. 1f, whenever ab = | then cd = 1, then ab < c¢d. That 1s,

if, whencver (a|b) is true then (¢|d) is true, then ab < cd. (The converse is easy.)

Proof of Theorem 3.2.14. {I for all propositions e, (able) = (l|e) implics
(ed|e) = (1]e), then it follows as above that for all e, [e < ab] implies [¢ < ed].
Then setting e = ab yiclds that ab < cd.
So the “necessarily true’ preorder <, defined by:
(alb) <y (e|d) means if (ab=1), then (cd = 1)

is equivalent to the preorder <, defined by (ab < cd). LI
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The deductive relations above and somec new ones built up from the ele-
mentary deductions have been organized into a hierarchy (Fig. 1) defined
completely in terms of Boolcan relations on the Boolean components of the
conditionals. These results are summanized in the following:

3.2.15. Interpretations of elementary deductive conditionals.
<yt ab < ed “If (a|b) is true, then (c|d) is true.”
<ur:a Vb < cvd “If (a]b) is not false, then (c|d) is not false.”
<ap: b < d “If (a|b) is applicable, then (c|d) is applicable.”
<p: b < d’ “If (a|b) is inapplicable, then (c|d) is inapplicable.”

3.2.16. Two elementary deductive relations combined. From these four elemen-
tary deductive relations, threce of the previously identified deductive relations
(€4, v, and <) can be defined by combining the properties of two of the
elementary deductive relations:

(alb) <4 (c|d) if and only if (aVv b') < (cvd') and (b’ < d')
(Conjunctive implication).

(alb) <, (c|d) if and only if ab < cd and b < d
(Disjunctive implication).

(a|b) <pm (c|d) if and only if ab < cd and (a Vv b') < (c Vv d')
(Probabilistically monotonic implication).

3.2.17. Three elementary deductive relations combined. Two additional dcduc-
tive relations arise by combining the properties of <, with the property of
<ap, OF of i

(a]b) <ma (c|d) if and only if ab < cd,(a VvV b') < (cvd'), and b’ < d".

(alb) <mv (c|d) if and only if ab < ed,(a V') < (¢ v d'), and b < d.

3.2.18. Deductive equivalence theorem. For x € {ap,tr,nf,ip,ec,0}, (a|b) =,
{c|d) does not imply (a|b) = (c|d), but for the other scven deductive relations in
the hierarchy, (a|b) =, (c|d) implies equality of (a|b) and (c|d) as conditionals.

Proof of Theoramn 3.2.18. Forx = 0, (alb) =, (¢|d) is true for any two uncqual
conditionals. So equality of (a|b) and (c|d) is not implied. For x € {ap,ip,ec},
(a|b) =, (c|d) simply implies that (a|b) and (c|d) have common condition. That
is, b=d, but they need not be equal. For x = nf, (a|b) =, (c|d) implics only
a Vb = cVvd, which docs not imply equality of (a|b) and (c|d). Similarly for
x = tr, because (a|b) =, (c|d) implies ab=cd, but not that b=d, which is rc-
quired for equality. For x=pm, (alb)=, (c[d) implics both ab=cd
and avb' =cvd. So a’b=cd. Therefore b=abva'b=cdVvcd=d. So
(a|b) =pm (c|d) implies (a|b) = (c|d). Each of the other two deductive relations
< and <., are stronger than <., and so imply equality too. For x — bo,
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{a|b) =, (c|d) trivially implies both b =d and ab = c¢d and so (a|b) = (c|d). For
x =1, trivially (a|b) =, (c|d) mcans (alb) = (c|d). Finally thc remaining two
deductive relations, <, and <,, are stronger than one of <,, or <;, and so
(a|b) =, (c|d) implies that b=d. But {a|b) =, (c|d) implics ab=cd and thus
that (a|b) = (c|d). Similarly, (a|b) <, (c|d) impliesa Vb’ = c Vv d'. Since b=d,
(aVvb)b = (cvd)d. Thatis, ab=cd, and so (alb) = (c|d). That completes the
proof of Theorem 3.2.18. [

3.3. Coustruction of deductively closed sets

Having described the hierarchy of deductive rclations on conditionals it
remains to describe how to construct the deductively closed scts with respect to
them.

To show that all of thesc deductive relations have at least one closed set of
conditionals the following arc listed: The sct /1 = 2/%, the wholc sct of
conditionals, is deductively closed with respcct to any deductive relation <.
H ={(q|p) : p < q} is deductively closed with respect to <,r. H = {(1]1)} is
deductively closed with respect to <,. H(b) = {(x|y) : ¥y < b} is deductively
closed with respect to <;,. K(b) = {(x[y) : b <y} is deductively closed with
respect to <,p. L(b) = {(x[y) : b < xy} is deductively closed with respcet to <.

Theorem 3.3.1 (Conjunection theorem for deductively closed sets with respect
to two deductive relations). Suppose that H, is a deductively closed set of con-
ditionals witl respect to deductive relation <, and that I, is a deductively closed
set of conditionals with respect to deductive relation <,. Then the intersection
H 0 H, is a DCS, Hyy,, with respect to the combined preorder <., defined by:

(alb) <iny (c|d) if and only if (a|b) <. (c|d) and (alb) <, (c|d).

That <,n, is a deductivc relation is straightforward, and the proof of the
theorem is also quite straightforward.
In view of the hierarchical relationships between the various deductive re-
lations presented herc, the above thcorem significantly simplifies matters since:
(a) All non-trivial deductive rclations in the hicrarchy can be built up by
combining the four clementary deductive rclations.
(b) The deductively closed sets with respect to a combined deductive relation
includc all the intersections of the deductively closed scts with respect to
their constitucnt deductive relations.
(¢) For any initial subsct J of conditionals, to determinc the deductively
closed scts generated by J with respect to the various combined deductive
relations in the hierarchy, start with the intersections of the deductivcly
closed scts with respect to the constituent deductive relations. All such inter-
sections will be DCSs with respect to the combined relation, but not all
DCSs with respect to a combined deductive relation arc intersections of



P.G. Calabrese | Information Sciences 147 (2002) 143191 167

DCSs of more elementary deductive relations, although those generated by a
single eonditional will be shown to be.

3.3.2. Conjunction of conditionals implies disjunction. Note also that for any
deductive relation <, with the Boolean extension property, (a|b) A (c|d) <,
(a]b) Vv (c|d) always holds. It then follows from either of the defining properties
of a deductive relation that for any deductively closed set H

If (a|b) € H and (e|d) € H then (alb) v (c|d) € H.

But it is not in general true (unless <, is also assumed) that

If (a|b) € H then for all {¢|d), (a|b) V (c|d) € H.

3.4. Generators of a deductively closed set of conditionals

In practice we are interested in determining what conditionals can be de-
dueed, and in what sense deduced, from a given set J of conditionals.

3.4.1. Definition (deductive extension). If J is any subset of #/4, let H.(J)
denote the smallest deductively closed subset with respect to <, that includes J.
We say that H,(J) is the deductive extension of J with respect to <,, or that J
generates H,(J) with respect to <., or that J “<,-implies” the DCS H,(J). A
DCS is principal if it is generated by a single conditional.

3.4.2. Theorem on principal deductively closed sets. With respeet to any de-
ductive relation <, among the 13 in the hierarchy, the deductively elosed set
generated by a single eonditional (a|b) is the set of eonditionals that subsume it
with respect to the deduetive relation. That is, with respeet to any preorder <,
among the 13 in the hierarchy the prineipal DCS generated by an individual
conditional (a|b) is the set H.,{(a|b)} = {(y|z) : (a|]b) <, (y|z)} of all condi-
tionals that are implied by (a|b) with respect to <,. A, {(a|b)} will be denoted
by 71.(ab).

Proof of Theorem 3.4.2. The proof follows from the fact that for
x € {ap,tr,nf,ip}, H.(a]b) is elosed with respcct to <,, by some easy algebraic
steps and so too for the other deductive relations above them in the hierarchy
sinee they consist of combinations of the defining properties of the elementary
deductive relations. (For x = 0, 77,(a|b) is trivially closed with respect to <,.)
Thus eonjunetive closure (of Definition 3.1.5) holds for H,(a]b) in these cases.
Deductive elosure (of Definition 3.1.5) also holds for H,(a|b) by the transitivity
property of all deductive relations <,. Thus for all deductive relations in the
hierarchy, 77.(a|b) is deductively closed and includes (a|b). Clearly, cvery de-
ductively closed set containing (a|b) must also include 77,(a|b). So 7 .(a|b) is
the deduetively elosed set generated by {(a|b)}. O
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With respect to each of the deductive relations in the hierarchy of Fig. 1 it is
now possible to completely describe the principal deductively closcd scts of
conditionals generated by a single conditional (a|b).

3.4.2.1. Principal deductively closed sets of the elementary deductive relations

Zapr Siry <af, and <o For deductive relation <,;,, the DCS generated by the

single conditional (alb) is H,,(a|b) = {(c|d) : (a|b) <., (c|d)} = {(c|d) : b
d}, and so
Hyy(alb) = {(x|bV y) : any x,y in #}.
For deductive relation <,,, the DCS generated by the single conditional (a|b) is
Hy(a|b) = {(c|d) : (a]b) < (c|d)}
= {(c|d) : ab < cd}
= {(c|d) : ab < ¢, ab < d},
and so
Hy(alb) = {(abVx|abV y) : any x,y in 4}
For deductive relation <., the DCS gencrated by the single conditional (a|b) is
Hye(alb) = {(cld) : (a|b) <ur (c|d)}
={(cld):avb cevd?}
(c|d) :d(avb') <c}
((d(aVvb)Vvx)|d):any x,d in #}
((W(avb)vx)ly):any x,y in £},

and so
Hy(alb) = {(abVv b’ Vily) : any x,y in #}.
For deductive relation <j,, the DCS generated by the single conditional (a|b) is
Hip(a]b) = {(c|d) : (a]b) <ip (c[d)} = {(c|d) b < d'} = {(c[d) : d < b},
and so
Hp(alb) = {(x|by) : any x,y in #}.
These principal DCSs for the elementary deductive relations are given in non-
reduced form but the reduced forms can easily be determined.

3.4.2.2. Principal deductively closed scts of non-elementary deductive relations.
Using the Conjunction Theorem 3.3.1 for deductive rclations, and Theorem
3.4.2 on principal DCSs all the DCSs generated by a single conditional (a|b) by
the non-elementary deductive relations can be determined as the intersection of
the principal DCSs of the elementary deductive relations. This follows because
for a single conditional (a|b),
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ILcy(alb) = {(c|d) : (a]b) <., (c|d}}
= {(cld) : (a]b) <, (c|d) and (a|b) <, (c|d)}
= H.(alb) N H,(a|b).
For deductive relation <, the DCS generated by the single conditional (a|b)

is H,(alb) = Hupne(alb) = Hyp(alb) N Hy(alb). So by combining constraints
expressed above for H,,(alb) and H,(alb),

Hy(alb) = {(ab Vv x|b V y) rany x,y in #}.
For deductive relation <., the DCS generated by the single conditional (a|b)
is Hpom(alb) = Hyrar(a|b) = Hy(alb) N Hyr(alb). So by combining constraints
expressed above for Hy(a|b) and Hc(a|b),

Hym(alb) = {{abV b’ Vx|abV y) : any x,y in 4}.
For deductive relation <, the DCS generated by the single conditional (a|b) is
H,(a|b) = Hyrip(alb) = Hye(alb) N Hiy(alb). So by combining constraints ex-
pressed above for Hye(a|b) and Hi,(alb), H.(a|b) = {((ab V b'V x)|by) : any x,
y in #}, which can be simplified as

H,(a]b) = {(ab V x|by) : any x, y in 4}.
For deductive relation <., the DCS generated by the single conditional (a|b) is
simply {{x|y) : y = b}. So

He(a|b) = {(x|b) : any x in #}.
For deductive relation <, the DCS generated by the single conditional (a|b)

18 Hyy(a|b) = Hapnpm(a|b) = Hyp(alb) N Hy,(a|b). So by combining constraints
expressed above for 1,,(alb) and H,,(alb),

Hy(alb) = {((abVv b Vx)|(bV y)) : any x,y in #}.

{(Note that H,,,(a|b) can also be expressed as Hapn,,f(d|b) or as Hynur(alb) or as
Hurpm(alb) with equivalent results.)

For deductive rclation <., the DCS generated by the single conditional
(a|b) is Hyua(a|b) = Hunip(alb) = Hi(a|b) N Hiy(a]b). So by combining con-
straints expressed above for H(a|b) and Hi,(a|b),/ns(alb) = {({ab V x)|
(ab Vv yb)) : any x,y in 4}. So,

Han{alb) = {{aVx|ab V yb} : any x,y in #}.
(Note again that Hy,(a|b) can also be expressed as . (a[b) or as Hymrip(a|b)
or as [, (a|b) with equivalent results.)

For the deductive relation <y, the DCS generated by the single conditional
(alb) is

Ho(alb) = {{(a Vv x)|b) : any x in #}.
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Having described the principal DCSs of the 1 non-trivial deductive rclations
in the hierarchy, thcy can be used to build up the DCSs generated by more than
a single conditional. In this regard, Dubois and Prade [18, Definition 1, p.
1719], adapt a theorem of Adams [4, Theorem 1, p. 52] expressed in a prob-
ability context to define the logical entailment of a set of conditionals J. Thcir
construct is similar to what below is called the conjunctive closure:

3.4.3. Deductive extension theorem. Let J be a subset of #/% and define the
conjunctive closure D{J) of J by:

i=1

D) = { /"\(a|b),., n finite, (ab), eJ}.

That is, D(J) is the set of all finite conjunctions of any members of J. Then for
any deductive relation in the hierarchy exccpt for x € {tr,V}, the set H,(J)
defined by

H(J) = {(cld) : (a]b) < (c|d), (a]b) € D(J)}

that is, the set of all conditionals implied with respect to <, by some member of
D(J), is the deductively closed set with respect to <, generated by J. In sym-
bols,

(alb);

n

H(J)) = {(c|d) :3(alb); € J, i =1 to n (finite) such that

< (c|d) }

Corollary of deductive extension theorem. Since /. (J) is the union of the all
conditionals that are implied by some individual member of D(J), it follows by
Theorem 3.4.2 on principal deductively closed sets that for all deductive rela-
tions <, in the hierarchy except for <, and <, the DCS gencrated by a set of
conditionals J is the union of the principal DCSs generated by the individual
membcrs of the set D(J) of all finitc conjunctions of thc conditionals in J.

Proof of Theorem 3.4.3. First property (2) of Definition 3.1.5: If (a|b) € H,.(J)
and (a|b) <, (c|d), then there exists (g|p) € D(J) such that (g|p) <, (a|b). So
by transitivity of <,,(q|p) <. (c|d). Therefore, (c|d) € H,(J). That shows
property (2) for any decductive relation <,. To show property (1), suppose that
(alb) € H,(J) and (c|d) € H,(J). So there exist (q|p) € D(J) and (s|r) € D(J)
such that (q|p) <, (a|b) and (s|r) <, (c|d). Now, (q|p) A (s|r) € D(J) because
the conjunction of two finite conjunctions of elements of J is a finite con-
junction of elements of J. It follows (by the next lcmma) that except for
x € {tr, vV}, (q|p) A (s|r) <, (a|b) A (c]d). Therefore (a|b) A (c|d) € I.(J). So
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property (1) holds. Finally, 7/.(J) 1s the smallest deductively closcd subset with
respect to <, that includes J because 11,(J) includes D(J), and D(J) includes J.
So H,(J) includes J. Sceondly, any deductively closed set that includes J, by
repeated application of property (1), must include all finite conjunctions of
clements of J, and so, by property (2), must include any (c|d) for which there is
an (a]b) € J with (a]b) <, (e|d). Concerning the deduective relations <, for
x € {tr,V}, a counter example to the theorem is provided by the set J =
{(1{b), (1}b")} in the nine element conditional algebra #/% generated by
Boolean algebra # = {1,b,b’,0}. (See the four DCSs of <, in Table 1.) For
this set J, D(J) = {(1|b), (1|b’), 1}, and so by the theorem H,(J) would be
{(e}f) : (ajb) <y (eff), (alb) € D)} = {1,(1]b),(1|b’),b,b'}. However, this
latter set is not a DCS with respect to <;, becausc it obviously also gencrates 0
from b and b'. The same eounter example also works for <. Sce Table 3,
DCSs #4, #5 and #1'1. Here again, as for <,;, the unjon of the principal DCSs
generated by the eonditionals in D(J) = {(1|b), (1|{b'), 1} is not a DCS. O

3.4.4. Lemma for deductive extension theorem. Let <, be any deductive relation
in the hierarehy other than <,, or <,. If (q|p) <, (a}b) and (s|r) <, (c|d), then
(alp) A (s]r) <, (alb) A (e]d). For x € {tr, v}, this is not neeessarily true.

Table |
Deductively closed sets of #/4 = {0,0,b', 1,(0}b), (1|b), (0[b"), (1|b"), U} with respect to the pre-
orders (deductive relations) <,;, <y, <ur, and <,

Preorders Nine conditionals of Z = {0,b,b', 1}
DCS# | b b’ (1b) (1p) 0 (0|b) (Ofp) U
<ap | G G G G
2 + + + @ + G
3 + + + G G G
4 + + + + + & + + G
£ + + + G H + G H
< 1 + + + + + G G G G
2 G
3 i+ (& G
4 . G G
et 1 + + + + + @ + + +
2 G G G G
3 + G + + G +
4 1 G + + G +
i, 1 G G G o+ + G+ + +
2 G G +
3 G G i
4 G

Key. # - Numbcred deductively closed set (DCS) for a preorder; + - Included in the DCS of that
row; G, H - Gencrators of the DCS of that row; one of cach present in a row is required to gencrate
that row.
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Proof of Lemmma 3.4.4. First a counter-example for x € {tr, vV} : Consider that
(0]0) <, (0]1) and (1]1) <, (1]1). Now (0]0) A (F|1) = (1|1) and (O]1) A (1|1) =
(0]1). But (1}1) <, (0[1) is always falsc and so too 1s the stronger (1]1) <
(0[1). Concerning x = ap, suppose (q|p) <., (a|b) and (s|r) <., (¢|d). Sop < b
and r < d, and so pVr < bVvd. Thercfore

(alp) A (slr) = (qpr’ v p'sr v gpsr)|(p V 1)
<.p (abd’ vV b'ed v abed)|(b Vv d)
= (alb) A (clvd).

A similar argument with the inequalities reversed works for x =ip. Concermng
x = nf, suppose that both (q]p) <. (a|b) and (s|r) <, (¢|d). Then

(alp) A (sir)-= (qpr’ V P'sr vV gpst)l(p Vr)
<ur (abd’ Vb'ed v abed)|(b Vv d)
= (alb) A (c|d)

sinee

(qpr’ v p'stvapsr) V (p V1) = (gp v p')(sr V')
=(qVvp)sVvr) <(avbevd)
= (abd’ Vb'ed Vv abed) v (b Vv d).

That shows the result for x = nf. Since the result holds for x=nfand for x =1p,
the result holds for x = A, which just eombines these two elementary deductive
relations. Now suppose the hypothesis holds for x=pm. So the four in-
equalities (qVvp')<(avb'),qp<ab,(svr)<(evd) and sr<ed hold.
Again, the result holds for x =nf. Therefore, by the first part of the proof, the
result holds for x=pm providing (qp)(sV )V (qVp')(sr) < (ab)(cvd)V
(ed)(a vb'), and the latter easily follows from these four inequalities. The
deductive relation <,,, is made up of the two elementary deductive relation <,
and <, for which the result holds. Therefore the result holds for <.,. The
deductive relation <., is just the conjunction of the two deductive relations
<pm and <, Yor which the result holds. So it holds too for <,,. Simila
statcments can be made for x=ec and bo, or proved directly. That completes
the proof of the lemma. U

It may seem at first disappointing that it is necessary Lo take every possiblc
finite conjunction of the members of a given generating set J of conditionals in
order to determine the deductive consequences of J with respeet to most de-
ductive relations. However this is required because the different conditions ol
the members of J need to be disjoined (V) in all possible ways as they are when
conditionals are conjoined or disjoined according to the operations. A single
conditional, say the conjunction of all members of a finite set J, will have the
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largest possible condition, the disjunction of all conditions appearing in the
mcmber of J, and so will gencrally miss the smaller conditions of the indi-
vidual member of J. However, as proved in the next thecorem. for three of the
deductive relations this single conditional by itsclf generates the samc DCS
as J.

3.4.5. Theorem on deductively closed sets of <,;, <;, and <,. The DCS with
respect to <up, <;p or <, generated by a finite set J is principal, and is gencrated
by the conditional proposition (a|ff), defined by:

(2B), = /\ (alb),

(alb),es

This is not true for the other deductive relations in the hierarchy, and in lact,
their finite DCSs are not in general principal.

Proof of Theorem 3.4.5. Since J is a finite sct of conditionals {(a|b),}, it follows
by repeated application of property (1) ol Definition 3.1.5 that for all deductive
relations <,, (a|b), is a conditional proposition in the DCS with respect to <,
gencrated by J. Furthermore, [or x in {nf,ip, A}, («|f), <, (a]b),, for all (a|b),.
[For x = nf, this [ollows from the fact that (ajb) A (c|d) = [(a vV b')(c Vv d')|
(b Vv d)], which is not false on (aVb')(cvd)V(bvd) =(avb)cvd), and
(avb)(cvd) < (aVvb'). So(alb) A (c|d) <. (alb). Repeated applieation then
yields the result for x = nf. For x = ip, this result follows because eonjunction
of conditionals always yields a resulting eonditional whosc condition includcs
the eonditions of all the components ofl the conjunction, and therefore this
conjunction will imply each of the component conditionals with respect to
x =ip. For x = A, by dcfinition, the conjunction ol eonditionals implies with
respect to <, the components of the conjunction. Altcrnately, since the de-
fining properties of <, consist of the combined characteristics of <;; and <, it
follows that <, too has the property.] So for x =ip, nf or A, the principal DCS
with respect to <, gencrated by («|f), includes all the conditional propositions
of J. So with respect to <., («|ff), gencratcs all the conditional propositions of J
and is generated by J. For thc other deductive relations in the hierarchy,
Scction 4.3 will provide examples of non-principal DCSs, which therefore
cannot be generated by any single conditional including (a|f8),. That completes
the proof of Theorem 3.4.5. O

When a new conditional is adjoined to a collection of conditionals, or il two
sets ol conditionals are combined, the resulting collection has new deductions.

3.4.6. Theorem on additional deductive information. IFor all deductive relations
<. in the hierarchy except for x € {tr, v}, the deductively closed set generatced
by a DCS J and an additional conditional proposition (¢|d) is the sct of all
conditionals implicd with respect to <, by the conjunction ol some conditional
in J with the conditional (¢|d). That s,
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1, U{(cld)}) = {(dlp) : 3(alb) € J such that (alb) A (cld) <, (alp)}

and more generally, if K is another DCS of conditional propositions with re-
spect to <,,x & {tr, v} and in the hierarchy, then the DCS gencrated by the
union of J and K is

H.(JUK)={(qlp) : Ia|b) € J and (c|d) € K such that (afb) A (c|d)

<. (alp)}

which is the sct of conditionals implied with respect to <, by the conjunction of
some conditional in J with some conditional from K.

Proof of Theorem 3.4.6. H.(J UK) is a DCS since if (q|p) € H,(J UK) and
(s|r) € H(J UK) then there are (alb) € J and (c|d) € K with (a|b) A (c|d) <,
(q|p). Similarly there exist (e|f) € J and (g|h) € K with (e|f) A (g|h) < (s|r).
So by the Lemma of the Extension Theorem (a|b) A (c|d) A (e|f) A (g|h) <,
(qlp) A (s]r). By the commutative law for conditionals this can be cxpressed as
(alb) A (e]f) A {c|d) A (g]h) < (q|p) A (s|r), with (a]b) A (e|f) € J and (c|d) A
(glh) € K. So (g|p) A (s|r) € H,(J UK). That shows that H.(J UK) is closed
under conjunction. Now suppose (q|p) € H.(J U K) and that (q|p) < (s|r). So
there are (a|b) € J and (c|d) € K with (afb) A (c|d) <. (q|p). By transitivity it
easily follows that (alb) A (c|d) <, (s|r). So (s|r) € H.(/ UK). That completes
the proof. O

By defining as usual (J AK) to be {(a|b) A (c|d) : (alb) € J, (c|d) € K}, it
follows that for all deductive relations <, in the hierarchy except x € {tr, V},
(JUK)C(JAK)C H(JUK), for DCSs J and K, but the equalities may not
hold. The deductivcly closed sct gencrated by the union of two DCSs can be
something more than the simple conjunction of the conditionals of one DCS
with those of the other DCS. This simple conjunction may not be a DCS. Here
again, therc is a difference between the situation for conditional propositions
and the situation for Boolcan propositions. In the Boolean case, J A K =
H.(JUK) always holds. But even in the Boolean case the conjunction J A K
of two DCSs can be larger than the simple union (J UK) of the componcnt
DCSs.

3.4.7. Non-elementary examples of deductively closed sets. With Theorem 3.4.6
it is easy to specify many non-elementary examples of DCSs with respect to
various deductive relations.

IFor instance, suppose J = {(a|b), (blc)} has two conditionals and we
want thc DCS with respect to <,, generated by J. By Theorem 3.4.5 all DCSs
with respect to <, are principal and thc generating conditional in this case
is the conjunction of the members of J, namely, (a]|b) A (b|c) = (ab|(b V ¢)). So
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H.\(J) = Hi(ab|(b V)
= {((ab)(bvec) vx)|y(bVvc):any x,y in #}
={((abvx)ly(bVvc)):any x,y in #}
= {(abVvx|ybVyc):any x,y in £}.

But if instead we wish to determine the DCS with respeet to <, generated
by J = {(a|b), (b|c)}, that is the <,n-implications of J, then we must first form
D(J) = {(alb), (¢|d), (abl(b Vv c))} and then take the union of the prineipal
DCSs generated by the members of D(J). So Hym(J) = Hym(a|b) U H,,
(c|d) U Hym(ab|(b Vv c)). Each of these threc DCSs could be cxpressed as in-
tersections of DCSs with respect to more elementary deductive relations since
in general, H.y(a|b) = H.(a|b) N H,(alb). But more directly, using the results
of Section 3.4.2.2 it follows that Hyy(a|b) € Hym(ab|(bV c)), and so

Hom(J) = Hpm(c|d) U Hpp(abl(b Vv c))
={(cdvd Vxled Vy) : any x,y in £}
U{(abVvb'd VwlabVz):any w,zin #}.

Note that since (a|b) <,y (c|d) for any (c|d) in Hym(alb), the probabilistic
monotonicity of <, means that P(a|b) is a lower bound on the probabilitics of
the conditionals in H,(a|b).

3.4.8. Applicatious of the deductive relations. We arc uscd to making Boolean
deductions in esscntially one way. We show “A implies B” by showing that
event A is a subset of event B, that every instance of A is an instance of B. But
eonditionals have two components, which complicates things, and results in
several differcnt kinds of implication, each good for a different purpose de-
pending upon what properties one wants to unply in 4 deduced conditional. It
may be that one wishes to imply the simple truth of one conditional (c|d) from
another one (a|b), in which case, the deductive relation <,, would be appro-
priate. One could then eonelude that P(ab) < P(cd). If on the other hand one
wishes to deducce the non-falsity of one conditional from another, then <
would be the appropriate deductive relation. Every instance of (a|b) being truc
or inapplicable is an instanee of (e|d) being true or inapplieable, and no matter
what, P(a v b') < P(c v d') for the two conditionals. This implication would
be appropriatc if one wished just to prescrve Boolcan non-falsity for logi-
cal purposcs but was not concerncd about the conditional probability of
the conditionals when they were partially false. The implication <, combines
the defining charaeteristies of <;; and <,; so that both characteristics must
be true for the implieation to hold, in which case it follows that /’(afb) <
P(c|d). If instead of conditional probability, one wishcs to have that (a|b) A
(c|d) = (a|b) whencver (a|b) implics (c|d). as is always truc in Boolean algebra,
thcn one would use the deductive relation <,. Then onc could only say
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that P(aVvb') < P(cVvd’) and that P(b") < P(d'). On the other hand, if one
wishes to have the property (a|b) V (¢|d) = (c|d} whenever (a|b) implies (c|d),
as 1s always true in (unconditioned) Boolean algebra, then <, would be ap-
propriate combining the characteristic of <, with that of <,, and then it would
also follow that P(ab) < P(ed) and P(b) < P(d). At the expense of another
requirement for the deduction of (¢|d) by (a|b), one can have the advantages of
<pm combined with those of <, in <., or the advantages of <, combined
with those of <, in <.
3.4.9. The penguin problem. It has become traditional to see how theoretical
results can be applied to the following problem: “birds fly”’, “penguins arc
birds”, and “penguins don’t fly”. What are the implications of these three
statements with respect to the various deduetive relations?

Representing these three conditionals as (F|B), (B|p) and (F'|p), respec-
tively, then J = {(F|B), (B|p), (F'|p)}, and the conjunctive closure

D(J)={(F|B),(Blp),(F'|p),(FIB)(B|p).(Blp)(F'|p), (FIB)(F'|p). (F|B) (Bp) (F'|p)}
= {(FIB),(Bp).(F'|p), (3FIBV p), (BF [p), (BFp' v BF'plBV p), (8Fp [V p)).
By Theorem 3.4.5, for x=ip, nf or A, (/)= H.((FB)(B|p)(F|p)) =
H(BFp'|B V p). So 1;,(BFp'|BV p) = {(x|(BV p)y): any x,y € #}. Thatis, the
DCS with respeet to <j, generated by J is the set of all conditionals whose
condition is a subsct of (B Vp). Similarly,
Huw(J) = Hy(BFP'|B V p)
= {(BFp' vV (BVp) Vx|y) : any x,y € #}
= {(FVB)p' vxly) :any x,y € B},
which is the set of all conditionals whose conclusion is a superset of (FV B')p/,
which is (F'B v p)', the negation of a penguin or non-flying bird. Similarly,

HA(J) = HA(BEP'|BV p) = {(BFp' Vx|(BV p)y) : any x,y € #},

the set of all conditionals whose condition is a subsct of (BVp), the birds or
penguins, and whose conclusion is a superset of BFp', the non-penguin flying
birds.

If by definition every penguin is a bird, that is, if p<B, then (Bvp) — B, and
simplifications yield that

Hi,(J) = {(x|By) : any x,y € #},
Hy (/) = {(Fp' VB Vx|y) :any x,y € #} and
HA(J) = {(BFp' Vx|By) : any x,y € #}.

Concerning the other deductive relations, except for x =V or x = tr, by the
Corollary to Theorem 3.4.3
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H(J) = H(F|B) U H(B|p) U H(F'|p) U H (BF|BV p)u H.(BF|p)
U H (BFp' vV B'Fp|BV p)u H(BFp'|BVp).

But some of these include the others:

For all non-trivial deductive relations <, in the hierarchy, (BF|p) <, (B|p)
and (BF'|p) <. (F'|p). (This can also be stated in tcrms of the Boolcan de-
duction relation <y, at the top of the hierarchy.) So H,(BF'|p) 2 H.(B|p)U
H (F'|p). Furthermore, for all such <, (BFp'|BV p) <, (BF|BV p) and (BFp/|
BVp) <, BFp' VBFp|BVp). So

H(BFp'|BV p) 2 A(BF|BV p) UH(BFp' v B'F'p|BVp).

Therefore, for all deductive relations <., other than <, or <,
H(J) = H,(F|B) U H.(BFp’|B Vv p) U H(BF'|p).

Let x=pm. Then (BFp'|BV p) <, (F|B) by dircct application of the defi-
nition of <, in terms of <, and <,. So H.(F|B) C H.(BFp'|BV p) and
therefore

Hyn(J) = Hpm(BFpllB vVpju Hpm(BFllp)
= {((BF Vv B')p' vx|BFp' Vy) : any x,y € #}
U{(BF'pvp Vx|BFpVy):anyx,y € 4}.
If p < B, then
Hpw(J) = {((BFp'V B' Vx|BFp' V y) : any x,y € %}
U{(Fp vp' Vx|FpVy):any x,y € #}.

So Hpy (/) consists of all conditionals whose condition includes the flying non-
penguin birds and whose conclusion includes the flying non-penguin plus the
non-birds together with all conditionals whose condition includes the non-
flying pcnguins and whose conclusion includes (Fp)', the complement of the
flying penguins.
Let x =mA. Since (BFp'|BVp) <;, (F|B) and (BFp'|BV p) <pm (F|B),
therefore (BFp'|B v p) <. (F|B). So
o1 (J) = Hua(BED'|BV p) U I, (BED | p)
= {(BFp' Vx||BFp' v (B V p)y) : any x,y € 4}
U{(BF'pVx|BF'pVyp):any x,y € #}.
If p < B, then
H.(J) = {(BFp' vx||BFp'V By ):any x,y € 4}
U{(F'pvVvx| F’'pVvyp):any x,y € #}.
So the implications of J with respect to <, arc all conditionals whose con-
dition is between BFp” and B, and whose conclusion includes BIFp’ together
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with all conditionals whose condition is between F'p and p, and whose con-

clusion includes F'p.
Let x = mV. In this case there is no immediate further simplification. So

Hunld) = Han(F|B) U Hin (BEp'|B V p) U Hya (BFp'[p),

and as above these can be solved using the results of Section 3.4.2.2. If p < B,
then (BFp'|B V p) <p, (F|B) and so also (BFp'|B Vv p) <x (F|B). So

Hm/\(‘/) = Hm/\(BFpllB 4 p) U Hm/\(BFpllp)
= {(BFp' VB'Vx|BVy):any x,y € #}
U{(Fpvp VxlpVy):any x,y € #}.

So Haa(J) is the set of all conditionals whose condition includes the birds
and whose conclusion includes BFp’ Vv B, the non-birds plus the flying non-
penguins, together with all conditionals whose condition includes the pen-
guins and whose conclusion includes F'p VvV p’, the complement of the flying
penguins.

Let x=ap. Since (F|B) <., (BFp'|BV p), therefore H,,(BFp'|BV p) C H,p
(F|B) and so H,p(J) = Hap(F|B) U Hyp,(BF'|p). This is all conditionals whose
condition 1s either a superset of B or of p.

Let x =bo. So again by the results of Section 3.4.2.2,

Hio(J) = {(FB Vvx|B) : any x € #}
U{(BFp' vx|BVp):any x € 4}
U {(BF Vv x|p): any x € #}.

If p < B, then
Hyo(J) = {(BFp' vx|B) : any x € #} U {(pF’ Vx|p) : any x € #}.

That is, the Boolean implications of J are all conditionals whose condition is B,
the birds, and whose conclusion is a supersct of the flying non-penguins plus all
conditionals whose condition is p, the penguins, and whose conclusion is a
supersct of the non-flying penguins. In other words, the implications arc the
conditionals “if a bird then all cvents that include flying non-pcnguins” to-
gether with “if a penguin then all cvents that include the non-flyers”.

Let x=tr. So

Hy(J) = H{(F|B), (BEP|B V p), (BF'|p)}.
Since (BFp'|B Vv p) <y (F|B), thercfore Hy(J) = H,{(BFp'|B V p), (BF|p)}.
Since #,(J) must inelude the principal DCSs generated by (BEFp/|B V p) and
(BF'|p), H\(J) 2 H(BFpP'|B Vv p) U H, (BF|p).
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So
Hy(J) D {(BFp Vx|BFp'Vy):any x,y € #}
U{(BFpVx|BFpVy):any x,y € #}.
11,(J) must therefore contain the conjunction of any two conditionals from the
latter two sets of conditionals. Setting x=0 and y=1 in both scts, 1,(J)
therefore includes the conditional (BFp'|l) A (BF'p|l) = (BFp' ABF'p|l) =
(0]1) = 0. But then H,(J) includes all conditionals because (0|1) <, (e|f) for
any conditional (e|[). Thus with respect to <, J generates all conditionals and
so implies a contradiction. (It can be shown that H,{(a|b)} always includes the
unconditioned event (ab) and so H{(a|b), (c|d)} always includes the uncon-
ditioned event (ab)(cd).)
Letx =V. So

H,(J) = HA(FB), BFp'[BV p), (BF|p)}.
Since (F|B) A (BF'|p) = (BFp'|BV p), the latter conditional is in the DCS
generated by the other two conditionals. So
H,(J) = H,{(F|B), (BF'|p)}
2 {(BFvx|BVy):anyx,ye€ #}
U{(BFpVw|pVz):any w,z € #4}.

Letting y =p, z=B, and x = 0 = w, yields that H,(J) includcs both (BF|B V p)
and (BF'p|p vV B) and so also their conjunction (0|B V p). Thus all conditional
events whose condition is a superset of (B V p) are included in /4, (J) becausc
(OB Vvp) <, (e|BVpVI) for any e and f. So J implics a contradiction with
respect to the deductive relation <, whencver thc conditions include all the
birds and penguins, B V p. Yet a explicit characterization of the DCS with
respect to <, generated by {(F|B), (BF'|p)} is still an open qucstion.

4. Elementary examples of finite deductively closed sets of conditionals with
respect to deductive relations

The simplest examples of deductively closed sets of conditionals with respect
to various deductive relations are bascd on the simplest Boolcan algebras #
having the smallest number of atoms. Herce is a start of an exhaustive list of all
DCSs of the simplest conditional Boolcan algebras #/%. Though simplc, they
nevertheless have already provided useful examples and counter examples.

4.1. Generating set B with zero atoms

Only the zero elemcnt, 0, has no atoms. There is one proposition, {0} and
one conditional ({0}|{0}), abbreviated 0 and (0|0), respectively, the latter also
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denoted U. (Strictly speaking a Boolean algebra # must have at least two
members.)

4.2, Generating witl a Booleau algebra 28 with one atom

The 2-element Boolean algebra {0,!}. Two propositions, {{0}, and {l}},
usually abbreviated as 0 and 1. Three eonditionals: 4/% = {(0|1), (1]1),and
(1]0)}, where (0]0) = (1]0). These are usually abbreviated 0, 1, U, with U in-
terpreted as “inapplieable” or “undefined”.

4.2.1. Deductive relation <,,
Sinee the eonditional propositions 0 and | are applieability equivalent, that
is, sinee (0 =,, 1), they generate the same deduetively elosed set, namely

Hp(0) = Hyp(1) = {{xly) : (0]1) Sup (xly)} = {(xly) : 1 <y) = {0,1}. The eon-
ditional U generates its own DCS, H,,(U) sinee U is applicability equivalent
only to itself:

Hap(U) = {(xly) - (110) up (<)} = {(xy) : 0 <y} = {0,1,U} = #/ 4.

4.2.2. Deductive refution <,

Sinee (0 =;, 1) holds and U is inapplicability equivalent only to itself, pre-
order <j, has the same generators as does preorder <,,. Two eonditional
propositions are equivalent in applieability or inapplicability if and only if they
have equivalent eonditions. But <,, and <, generate different DCSs:

Hip(1) = {(xly) : (11) <pp ()} = {xly) : ¥y < 1} ={0,1, U} = 4/
Hyp(U) = {(xly) : (1]0) <ip (x]y)} = {(x]y) : y <0} = {U}.

4.2.3. Deductive relation <,
Sinee (I =, U), U and 1 generate the same DCS, namely Hy (1) =
[lnr(U) = {I,U}
Hug(0) = {(x]y) : (O11) <ur (xI)}
{Gxly):0<xvy}
=%B|B
= {0,1,U}.
4.2.4. Deductive relation <,,
Since (0 =, U), 0 and U generate the same DCS, namely
H,(0) = H (U) = {{x|y) - (0]1) <y (x|)} = {(xly) : 0 < xp} = B/# = {0, 1, U},
He(1) = {(xly) - (1]1) < )} = {(xly) : 1 <oy} = {1}

So the atom 1 generates its own singleton DCS.
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Thus in suminary concerning the elementary preorders, /7,,(0) = 1,,(1) -
{0, 1} and with respect to <,, both 0 and 1 are gencrators. U generates 4/ 4.
Hip(U) = {U} while with respect to <;, both 0 and | gencrate /4. Hy (1) =
H.(U) = {1,U} while 0 generatcs #/%. H,(1) = {1} while both 0 and U
generate 4/ 4.

Concerning the combinations of elementary deductions, the Conjunction
Theorem 3.3.1 for deductive relations allows us to determine most of the DCSs
in the hierarchy by simply taking the intersection of DCSs generated by the
individual elementary preorders or generated by thc constituent deductive re-
lations. The others were determined by the Deductive Extension Theorem, or
in the case of <,;, and <, by brute forcc.

The DCSs of Conditionals for the 3-clemcnt Conditional Event Algebra
A% = {(0[]1),(1]1), (1|0)} = {0, 1,U} with respcct to the combination de-
ductive relations are as follows:

4.2.5. Deductive relation <,
By the Conjunction Theorem for deductive relations of Section 3.3.1,

Hee(1) = Haprip(1) = Hap(1) N Hip (1) = {0, 1} N B/ % = {0, 1},

H’dpmp(o) = Hap(o) n Hip(o) = Hap(l) n Hip(l) ={0,1},

H’dpnip(U) = Hap(U) nHip(U) =2/#N{U} ={U}.
So <. generates three deductively closed sets including the whole space 4/4%.
Furthermore, with respect to <., %#/4 is alrcady a finite, non-principal DCS
since it is not generated by a single conditional but instead requires U and

either 0 or 1. This is another difference from the finitc Boolcan situation, where
all finite DCSs are principal.

4.2.6. Deductive relation <,
Using the Conjunction Theoremn for deductive relations, <, = < 5. So
H,(1) = Hyp() N H (1) = {0,1}n {1} = {1},
Hy(0) = Hop(0) NH(0) = {0,1} n{0,1,U} = {0, 1},
Hy(U) = Hyp(U) 0 1, (U) = {0,1,U} 0 {0,1,U} = #/%.

4.2.7. Deductive relation <,
HA(1) = Hypeip(1) = Huye(1) N HG(1) = {3, U} N {0, 1, U} = {I,U},
HA(U) = Hyrip(U) = Hy(U) N 1, (U) = {LUPN{U} = {U},
Hapeap(0) = Hy(0) N 114,(0) = {0,1, U} N {0,1,U} = {0,1,U} = %/ 4.
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4.2.8. Deductive relation <,

Iipm(l) = lel'lnf(l) = Iilr(l) nHlf(l) = {1} N {17 U} = {1}7
Hom(0) = Hyeant (0) = 1(0) 0 Hye(0) = {0,1,U} N {0, 1, U} = B/B,
Hon(U) = Henur(U) = He(U) 0 Hoe(U) = {0,1, U} 0 {1, U} = {1, U}.

4.2.9. Deductive relation <,
va=5pmﬂv~ So
Hmv(l) =Hpm(1) r*"HV(I) = {1} N {1} = {1}’
Hyn V(0) = Hpn (0) N H(0) = {0,1,U} n{0,1} = {0,1},
Hgu () = o (NN HA(U) = {10} 0 {0,1, 0} = {1, U}.

Since any single one of its elements does not generate #/%, #/% is a non-
prineipal DDS with respeet to <, generated by 0 and U.

4.2.10. Deductive relation <y,
Smn = <pman. SO
Hun(l) = Hu(1) 0 HA(1) = {1} N {1, U} = {1},
11mn(0) = Hom (0) 0 HA(0) = {0,1, U} n {0,1,U} = {0, 1, U},
Hun(U) = Hpu(U) N HA(U) = {1, U} n{U} = {U}.

In addition Hma{l,U} = Hm{l,U} NnH{1,U} ={1,U} n{1,U} ={1,U}.
That is, {1,U}is a non-principal DCS with respeet to <., since it requires two
propositions to generate it.

4.2.11. Deductive relution <y,
The Boolean deduetive relation <y, = <. S0

Hyo(1) = Hecne(1) = Hee(1) 0 Hie(1) = {0, 1} N {1} = {1},
as expected. :
Hio(0) = Heeriie(0) = 1.(0) N 11,.(0) = {0,1} n {0,1,U} = {0, I},
also as expeeted. 11,,(U) = {U} since only U has 0 condition. Finally,
{1, U} = H {1,U} n{i, {1, U} = {0,1,U}n{0,1,U} = {0, 1, U}
)

4.2.12. Deductive relation <,
Only equal eonditionals satisfy <; and so the DCSs with respect to <; are
just the equivalence classes of equal conditionals, namely {0}, {1} and {U}
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each generated by its single conditional. The subsets {0,1}, {0,U} and {1,U}
are also DCSs since the conjunction of any two of the three conditionals 0, 1,
or U gives back one of the two components. So these subsets are: chosed under
conjunction and they have only themselves as deductions with regpect to <;.
The whole space {0,1,U} is also a DCS requiring all three of its conditionals to
generate it.

4.2.13. Deductive relations <,

All conditionals are deducible from any one conditional with resgpect to <.
So there is just one DCS with respect to <o, namely the whole space {0, 1, U}
and it is generated by any of its members. This is true no matter what the
original Boolean algebra 4. This completes the deductively closed sets of
conditionals of #/% = {0,1,U} with respect to the 13 deductive relations
identified in the hierarchy. They are listed in the tables below. G”s und H’s are
generators of that column, one of each present is required; + indicates inclusion
in the DCS of that column; J’s are joint generators, all required..

It is not so remarkable that all 13 of these preorders yield different collec-
tions of DDSs for this simplest case since even the 3-element Conditional Logic
#/% = {1,0,U} has eight subsets. Each deductive relation deterr.ines which
of these 8 subsets will form a deductively closed set with respect toiit. So there
are potentially 28 = 256 different possible choices of a subset of the § to be a
DCS. These are subsets of subsets of the three original conditiomal s — the so-
called second order predicates.

<ap <u <uf <ip <ec <v Spm <A
1 G+ + GG + G G GG+ + G + + G +
0 G+ G G G G G G + G G
U G G G + + G G H G + G =t G oEk

Smv Sinn Sbo < <o
_1 G + & & G + J G + I G J ] I G
0 G J G G + G J J J G
U GJd = a7 G J 6 I a3J e

4.3. Generating with a Boolean algebra % with two atoms

A Boolean algebra 2 with two atoms is of the form # = {0, In,ib’, 1} gen-
erated by a single non-trivial event b. There arc nine conditionals ganerated by
A
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/% = {(0]1), (b]1), (b]1), (1]1), (0[b), (1]b), (O[L"), (1]b'), (0]0) }
= {0,b,b', 1, (0[b), (1]b), (0]b"). (1]b"), U}.

There are 2° = 512 different subsets of /%, and a particular deductive rela-
tion will make some collection of these subsets a DCS with respect to it. There
are therefore 2°'? different collections of subsets of conditionals that are can-
didates for being the set of all DCSs generatcd by a given deductive rclation,
and that is just for the 4-Element Boolean algebra. Information is indeed
complex!

4.3.1. The four elementary deductive relations <,,, <, <ur, and <,

The DCSs in Table 1 are determined by mcthods similar to those used
to determine the DCSs of the 2-element Boolean algebra. For example, for
the preorder <, the conditional (b|l), which is b, gencrates the DCS
Hy(b) = {(xly) : bV I"<xVvy}={(xly) :b<xVvy}. Ify=0,thenb<xVy
is satisfied. So (0]0) is in H,e(b). If y = b, then the inequality is also satisfied for
any x. So (0]b’) and (1{b') are also in Hy(b). If y=b then thc inequality is
satisfied if and only if b < x. So (1|b) is in H,r(b). Finally, if y = I, then again b
< x, and so (1|1) is in H,e(b). So in Table 1 all of the conditionals of DCS #3
under the deductive relation <, havc been shown to be in H,r(b), the DCS
with respect to <,r generated by b. Now H,(0|b') = Hy(b) since the same
inequality shows up. That is, H,(0|b") = {(x]y) : 0V (b") <xVvy} = {(x]y):
b <xVy}. So (0[b") gencrates the same DCS. Similar examination of the other
conditionals generated by b with respect to <, yields no new conditionals. For
instance, (1{b) generates all unity events (1|y) for any y, but they are already
included. In fact, (1|b) generates DCS #2, which is a subsystem of DCS #3
of preorder <.

Having dctermined thc DCSs for the elementary preorders, the DCSs for the
combination preorders can be determined with the help of the Conjunction
Theorem for Deductively Closed Sets with respect to two preorders. For ex-
ample, using the table, one DCS with respect 10 <pp, which is <rur, 1s de-
termined by intersecting the conditionals in DCS #3 of <,, with thosc in DCS
#4 of <,r. The result is {1, (1|b)}, the DCS with respect to <., gencrated by
(1]b).

In fact, since the whole space %/ is a DCS with respect to any combined
preorder, a DCS with respect to one of its componcnt preorders will also be a
DCS with respect to the combined preorder by intersection of the DCS with
the whole space. This common DCS may in general have different generators
with respect to the two preorders, and so they have been included in the tables
below.

However, some DCSs, like #11 below of preorder <, are not the intersce-
tion of DCSs of more elementary preorders. They were determined with the
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Table 2
Deductively closed sets of #/4 = {0,b,b',1,(0[b), (1]b), (0jb"), (1]b'), U} with respect to the de-
duetive relation <.,

DCS Nine conditionals of # = {0,b,b’,1}

# 1 b b’ (IIb) (b)) o (0|b) (0]b') U
Condition: | 1 G G G G
Cond: b 2 H H
b’ 3 K K
0 4 L
Conds: 1,b S G G G 11 G H
L.b/ 6 G G G K G K
1,0 7 G G G G 18
b,b’,1 8 + + + K + 18 K
b,0 9 Il H L
v',0 10 K . K L
b,b’,0,1 11 + + + H K + H K L

Key. # — Numbered deduetively closed sets (DCSs) of the Deductive relation; + — Included in the
DCS of that row; G, H, K, L — Generators of the DCS of that row; one of cach present in a row is
required to generate that row.

Table 3
Deductively closed sets of #/4 = {0,b,b', 1, (0|b), (1]b), (0|b"), (1]b"), U} with respeet to the de-
ductive relation <,

DCS Nine conditionals of % = {0,b,b', 1}
v b b (b () o Ob) (0p) U
1 G
2 + G
3 + G
4 + + G
5 + + G
6 + + + G
7 + + + + + G
8 + + + + + G
9 + + 4 + + + + + G
10 + + + + + 4 J J
o+ o+ o+ J +
2 4 > G n
3 + + ® G H
14 4 & 7 J + ]
15 " + + + ] + J

Key. # — Numbered deductively elosed sets (DCSs) for a preorder; + — Conditional included in the
DCS of that numbered row; G — Generator of the DCS of that row; any G; J - Joint generators; all
conditionals with J required.
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Table 4
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Deductively closed sets of #/4 = {0,b,b,1,(0]b), (1]b), (O|b'), (1|b"), U} with respect to the pre-

order <,

DCS Nine conditionals of 4 = {0,b,b’, 1}

# | b b’ (1|b) (1p’y 0 (0[b) (opy U
1 G

2 + G +

3 + G +

4 + G

5 + G

6 + - + + + G + + +
7 + + + + G +
8 + = + st G +
9 +. + + G
10 + J J

11 + J + J

12 + J J +

13 + J + + J
14 + J + + J

Key. # — Numbcred deductively closed sets (DCSs) for a preorder; + — Conditional included in the
DCS of that numbered row; G — Generator of the DCS of that row; any G; J - Joint gencrators; all
conditionals with J required.

Table 5

Deductively closed sets of #/2 = {0,b,b’, 1, (0jb), (1|b), (0|b"), (1{b"), U} with respect to the de-

ductive relation <,

DCS Nine conditionals of # = {0,b, ', 1}

# 1 b b’ (1]b) (1’ 0 (0]b) (ojpy U
1 G + + +
2 + G + + + +
3 + G + + + +
4 G +
5 G +
6 + + + + + G + + +
i + G e
8 4 G +
9 G

Key. # - Numbered deductively closed sets (DCSs) for a preorder; +
DCS of that numbered row; G - Generator of the DCS of that row.

Conditional included i the

help of the Theorem on Additional Deductive Information and previously

determined principal DCSs.

4.3.2. The compound deductive relutions (preorders)
Using the methods just illustrated the DCSs of the other preorders in the
hierarchy were determined and are histed in the following tables:
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(a) Deductive relation <. (scc Table 2).

(b) Deductive relation <, (sce Table 3).

(c) Deductive relation <., (scc Table 4).

(d) Deductive relation <, (sce Table 5).

(e) Deductive relation <,,, (see Table 6).
(f) Deductive relation <,,, (See Table 7).

Table 6

Deductively closed sets of #/# = {0,5,b',1,(0|b), (1]b), (0]b"), (1|b"), U} with respect to the pre-

order <,

DCS  Nine conditionals of # = {0,b,',1}

# 1 b b’ (11b) (l|b’) 0 (0|b) (0]b") 8]
1 G

2 + G

3 + G

4 + G

) + G

6 + + + G

7 + + + G

8 + + 4 G

9 + + + G
10 + + + + J J

11 + J J

12 + + + + J J

13 + J J

14 + + + + + + J J J
IS + + + + J J
16 + + + + J J
17 + + + + + + J J

18 + J J

19 i & J + J

20 ik it + J J

21 + + L J J J

29 + J J J

23 + J J J

24 + i + J J

25 + + ik J J

26 ot J J

27 + J J

28 + J ch + J
29 + J + & J
30 + + + + + J J
31 + #* + & J J J

BD + + + J * J J

Key. # — Numbered deductively closed sets (DCSs) for a preorder; + - Conditional included in the

DCS of that numbered row; G

conditionals with J required.

Generator of the DCS of that row; J — Joint generators; all
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Table 7
Deduetively closed sets of 2/#4 = {0,b,1', 1, (0|b), (1|b), (0[b'), (1]b"), U} with respect to the de-
duetive relation <,

DCS  Ninc conditionals of # = {0,b, ', 1}

# 1 b b’ (1|b) (1uy o (0]b) (0]b") U
1 G

2 + G +

3 + G a3

4 G

S G

6 + + + + + G + + +
7 == G *
8 + G +
9 G
10 J J

11 J

12 J J +
18 J + J +
14 + J s+ J

15 ¥ J J +

16 + G G + H ad
17 + G + G H +
18 + J J

19 + J J J
20 + J + J J
21 + J J + J
22 ] J
23 J J
24 J J
25 3 J + J
26 + J J

Key. # — Numbered deductively closed sets (DCSs) for a preorder; + — Conditional included in the
DCS of that numbered row; G, H - Generators of the DCS of that row; one of each present in a
row is required to generate that row; J - Joint generators; all conditionals with J required.

5. Summary

Booleann Deduction is simply ticlusion of one uncertain event by another,
but deduction between conditional events, pairs of events, is driven by the four
chosen operations of “not” (negation}, “‘or’” (addition), “and” (multiplication)
and “given” (division), wlich were extensively analyzed aud justified i Sec-
tions 2.2 and 2.3. Using these operations to define deduction in the ways that
are cquivalent for Boolean deduction results in non-equivalent implication
relations in the realm of conditionals. These implications form a hierarchy of
eleven built upon some subset of four elementary ones. The deductively closed
sets (DCS) of conditionals generated by thie different deductive relations have
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been determined. For a single conditional (a|b), the principal DCS generated is
just the set of all conditionals implied by (a|b) with respeet to the deductive
rclation. Matters are much more complicated when there are two or more
generators. For three of the deductive relations, the DCS generated by a finite
sct J of conditionals 1s principal and gencrated by the conjunction of all
members of J. Except for two of the other deductive relations, the DCS gen-
erated by J is the union of the principal DCSs of the set D(J)} of all finite
conjunctions of members of J. But for the remaining two dcductive relations,
this union is not necessarily a DCS. The prineipal DCSs are explicitly solved
for all deductive relations. The results are applied to the famous penguin
problem: “Birds fly”, “Penguins are birds”, and “Penguins don't fly” to de-
termine the DCSs of this set of three conditionals with respect to the various
types of implications. A final section provides the complete collection of DCSs
with respect to all deductive relations for the conditional event algebra gen-
crated by the two-element Boolecan algebra {0,1} and also by the 4-clement
Boolean algebra {0,b,b’, 1}. These DCSs provide some concrete finite exam-
ples and counter-examples by which to view the sometimes surprising results
presented above concerning deduction with uncertain conditionals.
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